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FOREWORD

This report is one of five volumes presenting the results of a series of
studies carried out for the Air Force by General American Transportation
Corporation and Newmark-Hansen Associates, The five volumes comprise
RTD TDR-63-3096 and are organized as follows:

Vol, 1 Structure Interior Motions Due to Air Blast Induced
Ground Shock

Vol, 1I Structure Interior Motions Due to Directly Transmitted
Ground Shock

Vol. III Response Spectra of Single-Degree-of-Freedom Elastic
and Inelastic Systems

Vol. IV  Response Spectra of Two-Degree-of-Freedom Elastic
and Inelastic Systems

Vol. V Response Spectra of Multi-Degree-of-Freedom Elastic
Systems
Volumes I and II are authored by General American Transportation
Corporation. Volumes 1II, IV, and V are authored by Newmark-Hansen and

Associates. Volumes 1I, IV, and V will be published early in 1965.

Acknowledgment is made to Captain H. Auld, Captain D, H, Merkle,
and Lt J. F. Flory of AFWL for their continued cooperation during the course
of the project.
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ABSTRACT

A discussion is presented of response spectra for single-degree-of-

freedom systems subjected to different forms of ground excitation.

In the study of elastic systems, the sensitivity of the response to variations
in the detailed characteristics of the input motion is discussed. For each
class of forcing function, simple approximate rules are presented for the
construction of response spectra for undamped systems. Simple rules are
described for the construction of spectra for complex input functions by
compounding the spectra for the '"dominant'' component pulses of the input

function,

In the studies of inelastic systems, primary attention is given to elasto-
plastic systems and, in an exploratory way, to bilinear systems of the
softening type. Response spectra are presented from which the yield
resistance required to limit the maximum deformation of the system to a
prescribed multiple of its limiting elastic deformation can be determined

directly.

The maximum deformation of an inelastic system is related to that of an
elastic systemn having the same initial slope in its resistance-deformation
diagram and, for certain conditions, simple design rules are formulated for
the construction of deformation spectra for elastoplastic systems in terms of

the corresponding spectra for the associated elastic systems.
PUBLICATION REVIEW
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S8ECTION 1
INTRODUCTION

1.1 Objectives of Program

The broad objectives of this program were to develop information
regarding the response of equipment in underground installations when sub-
Jected to the effects of the ground motions induced by a nuclear detonation,
to evaluate the influence and relative importance of the various factors
affecting the response, and to present simplified design rules for specific
conditions.

If the input motion for a system is prescribed as & function of
time, it is generally recognized that the response of the system can be
computed in a straightforward manner by integration of the governing
differential equations of motion, no matter how complicated the motion or
the system may be. However, such computations are generally time-consuming
and are not very appropriate for purposes of preliminary design. The principal
aim of this study vas to establish a body of basic information and simplified
rules vhich would enable the designer to arrive at a reasonable estimate of
the significant effects of a rescribed motion, and to assess the engineering
significance of the various parameters influencing the response of the system
without the need for elaborate computations. Inasmuch as the detailed
characteristics of the input motion are affected by a large number of uncon-
trollable factors, a special effort has been made to investigate the
sensitivity of the response to the uncertainties involved in defining the
input data.

The study is based on the concept of the response spectrum, and
covers both elastic and inelastic systems with or without dmmping. In this
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repoxt, only systems having a single degree of freedom are considered.
However, the information presented can also be used in conjunction with the
modal method of analysis to evaluate the response of multi-degree-of-freedom
elastic systems for vhich the natural modes of vibration can be uncoupled.
The study of inelastic systems is devoted mainly to elastoplastic systems and,
in an exploratory way, to systems with a bilinear resistance of the softening
type.

There are two important considerations in the design of the
foundation for a piece of equipment. First, the foundation itself must have
sufficient strength to withstand the forces that are developed in it without
failure, and secondly, the accelerations or motions that are transmitted to
the equipment and its parts must not be so severe as to cause damage to it,
or to interfere with its operation. It follows then that response spectra
are needed both for the maximum deformation of the system and for the absolute
displacement, velocity and acceleration of its mass. The latter information
may also be used to define the peak values of the motion experienced by the
base of a light system mounted on a structure that may itself respond under
the action of the shock. |

If the piece of equipment is attached to a part of the structure
that experiences essentially the same motion as the base of the structure in
vhich it is housed, then the equipment may be designed for the shock spectrum
applicable to the input motion. However, if it is mounted on & flexible
element such as & beam or floor, vhich may itself respond under the influence
of the shock, then both the intensity and the time-history of the motion at
the base of the equipment may be significantly different from the original
input motion, and the maximum response of the system can no longer be
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determined from the shock spectrum corresponding to the base input. It is
obvious that the extent to which the input motion is modified is a function
both of the characteristics of the structure and cf the eg_uipnent and of its
mode of attachment to the structure. This problem of the interaction between
the motions of the equipment and of the supporting structure has been given
some attention under this program, but the results of this effort will bdbe
reported separately. Throughout this report, the characteristics of the motion
at the base of the system under investigation are assumed to be known.

1.2 Outline of Studies

The studies described here can be classified into two groups. The
first group is concerned with the response of elastic systems, with or without
damping, having a single degree of freedom. The input motions considered
included several pulse-type excitations, approximating the primary or main
component of the ground motion associated with a nuclear explosion, and two
strong-motion earthquake records representing examples of extremely complex
ground motions. The pulse-type of excitations include acceleration functiouns
composed of from one-half to four cycles of oscillation, with corresponding
displacement functions having from one-quarter of a cycle to one complete
cycle of oscillation. The response quantities studied include the spring
deformation, the relative velocity between the mass and the ground, and the
absolute displacement, absolute velocity, and absolute acceleration of the mass.

The objectives of these studies were:

(a) To assess the sensitivity of the various response quantities to
variations in such parameters as the shape, rise time, and periodicity of the
input function.

(v) To develop simplified design rules for the construction of response

spectra for the various response quantities to a greater degree of accuracy
thean hes been possible mmreviously.
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(c) To formulate procedures for the construction of response spectrs
for fairly involved input functions by synthesizing the spectra for s series
of simple component inputs.

(d) To study the effect of viscous damping.

The approach used was briefly as follows. First, the response of
undamped systems to pulse-like excitations a.nd. to a combination of simple
pulses wvas investigated for a wide range of the parameters involved, and, on
the basis of the information obtained, simple approximate rules were formulated
for the construction of response spectra for the various response quantities.
Next, the effect of viscous damping was studied for systems with coefficients
of damping up to 100 percent critical subjected to pulse-like excitations.
Finally, to check the applicability of the approximate rules developed to
inputs of extreme complexity, the response of undamped and damped systems
subjected to earthquake motions was studied. The earthquake motions were used
in preference to ground shock records because they are of greater complexity
than those associlated with & muclear explosion; and consequently provide a
severe test on the adequacy of the approximate rules.

The response spectra for the earthquake motions were evaluated for
s much vider range of natural frequencies than has been customary in previous
studies of earthquake effects, so that these spectra could be carrelated vwith
those corresponding to the simple pulses. It is shown that, even for ground
motions of the complexity of strong motion earthquake records, the respouse
spectra are similar to those for the simple pulses, and that their salient
features can be estimated with ressonsble accuracy from the spectra for the

simple pulses, provided the gross characteristics of the acceleration, velocity
and displacemsnt diagrams of the ground are knowm.

1-h



In the analysis of multi-degree-of-freedom elastic systems by the
use of response spectra, an upper bound to the maximum response can be obtained
by taking the sum of the absolute values of the maximm response in the various
natural modes. This approach overestimates the response. Under some conditions,
a better estimate can be made by taking the square root of the sum of the
squares of the modal responses, but the sign of the error cannot be determined
with this approach. A much lower upper bound may be obtained if the maximum
positive and the maxiumum negative values of the recponse of single-degree-of-
freedom systems are known separately, both for the forced-vibration and the
free-vibration eras of the motion. A representative number of such spectra is
included in this report. In addition to being useful in the analysis of
systems vith more than one degree of freedom, these generalized spectra provide
a great deal of insight into the behavior of the system, and enable one to
synthesize the response spectrum corresponding to a sequence or combination of
simple pulses from the spectrs applicable to the individual pulses of the
input motion.

The second group of studies performed was concerned mainly with the
response of single-degree-of-freedom elastoplastic systems baving equal yield
levels in the two directions of deformation. Some consideration was also given
to systems with a bilinear resistance of the softening type. For these systess,
only the maximum deformation of the spring was investigated. The paranmeters
studied include the characteristics of the input motion, and the natural
frequency, yield point deformation, and dsmping of the systems. The input
motions considered include several pulse-like excitations and the two strong-
motion earthquake records used in the study of elastic systems. Furthermore,
as an aid in the interretation of the results, the effects of an instantanecus
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displacement change, an instantaneous velocity change, and an instantaneous
acceleration change were studied in detail.

The results are summarized in the form of response spectra from
vhich the yield resistance required to limit the maximum deformation of the
system to a prescribed multiple of its limiting elastic deformation can be
determined directly. On the basis of the information presented, simple design
rules are formulated under certain conditions for the construction of deformation
spectra for elastoplastic systems in terms of the corresponding spectra for
elastic systems having the same initial slope in their resistance-deformation
diagrams.

All response quantities are presented in dimensionless form, in
terms of the maximum value of the appropriate input motion, so that reviged
input data can be treated readily as they became available.

Section 2 deals with the response of elastic systems, and Section 3
with the response of inelastic systems. The numerical data used to construct
the response spectra presented in this report are tabulated in Appendix A.
Included in this Appendix is also a brief account of the method of solution
used. Finally, in Appendix B is given a summary of expressions for the
computation of various response quantities of single-degree-of-freedom elagtic

systems with damping.

1.3 Notation
The symbols used are defined vwhere they are first introduced, and
the most important ones are summarized here.
A = pseudo-acceleration, defined as p2U for an
elastic system and as p2uy for an inelastic

system
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A = maximum value of A -

A = maximum value of A corresponding to motion
during free vibration

c . Qy]Qo = reduction factor; see also Eq. 3.1. Its
reciprocal is defined as the overload factor

b g = undamped natural frequency of system, in cps;
for an inelastic system, it represents the
frequency corresponding to the initial elastic

range of behavior

g = acceleration of gravity

k = gpring constant

m = mass

P = Jk/m = undamped circular natural frequency
Pg = m = damped circuler natural frequency
Q = spring force

absolute maximum value of Q for an inelastic

°

system
= absolute maximum value of Q for an elastic system

yield value of Q

L F

T = undamped natural peridd of system

T a = pnatural period of damped system

t = time

t a = total duration of a pulse

td,.’ t’d, v = durations of an acceleration pulse and a
velocity pulse, respectively; used only vhen
confusion may arise

t, = rise time to maximum value of a half-cycle pulse
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tr,a’ r,v

0,8’ “o,v

= values of t

rise times for an acceleration, velocity and
displacement half-cycle pulse, respectively;
used only when confusion may arise

effective rise time, defined in paragraph
preceding Eq. 2.31

values of ir for an acceleration and velocity
pulse, respectively

time of occurrence of the absolute maximum value
of a response quantity

effective duration of an acceleration, velocity
and displacement half-cycle pulse, respecti%rely
duration of dominant half-cycle pulse in an
input function

1 for an acceleration, velocity and
displacement function, respectively

|u | = absolute maximum value of u without
regards to sign

maximum value of U

X-y = relative displacement between mass and
ground = spring deformation

absolute maximum deformation of an inelastic
system without regards to sign

maximum positive value of deformation

maximum negative value of deformation

for an elastic system, the numerically greater
of the values of Urax and u min‘; in Section 3 it
is used in lieu of U to denote the absolute

maximum value of u without regards to sign
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u = yield point deformation

y

v = relative pseudo-velocity, defined as pU for
elastic systems and as puy for inelastic systems

Vo = maximum value of V

x = absolute displacement of mass

x, = peak extremum value of x, wvith its appropriate
8ign; in Section 3 it refers to its absoiute
value

X = |x,| = sbsolute maximm value of x vithout
regards to sign

b 4 = displacement of gmund;

Yav = average value of y for a half-cycle pulse

Yo = pesidual or final value of y

Y, = absolute maximum value of y without regards to
sign

yo,p = maximum value of y for the primary component of
an earthquake motion

B = ¢/fc op = fraction of critical coefficient of
damping

M - l.\./uy = ductility factor
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SECTION 2
RESPONSE OF SINGLE-DEGREE-OF -FREEDOM ELASTIC SYSTEMS

2.1 gyotel Considered

The system considered consists of a rigid mass, m, connected to a
base by a weightless elastic spring and a dashpot exerting a resisting force
vhich is proportional to tﬁe relative velocity between the mass and the base,
as shown in PFig. 2.1. The spring constant is denoted by k and the coefficient
of viscous damping by c. It is assumed that the mass can move only in the
direction of the spring so that the system has a single degree of freedom.

The base of the system will also be referred to as the ground.

The absolute displacement of the mass is denoted dy x, the absolute
displacement of the ground by y, and the relative displacement detween the
mass and the ground, the spring deformation, is dencted dy wu, i.e.,

UsXey (2.1)
Both x and y refer to the same inertial frams of reference, and their positive
directions coincids. The quantity u is taken as positive when it produces
tension in the spring. TFor a fixed-base system acted upon dy an exciting
‘force, the spring deformatiom, which is also equal to the absolute displace-
ment of the mass, is designated by x. A 4ot superscript dsnotes differentia-
tion vith respect to time. For example, i denotes the relative velocity between
the mass and the ground, and % denotes the sbsolute acceleration of the mass.

2.2 M"‘“ Quantities of Interest

Throughout this report, the term response is used in a generalized
sense to include any response quantity, such as a force, stress, displacement
or velocity. In a similar manner, the term disturbance mxy refer to a loadtsg,
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such as & force or pressure, or to a ground motion, which may be descrided as
& time function of acceleration, velocity or displacement. Whatever its form,
the forcing function is presumed to be known and independent of the motion of
the system itself.

When the source of excitation is a force, the response gquantities of
interest are the displacement, velocity and acceleration of the mass. For a
ground excitation, both the absolute and the relative values of these quanti-
ties may de needed. Of greatest importance is the relative displacement between
the mass and the ground, which is proportional to the force or stress im the
responding structure. The relative velocity, wvhich is proportiocmal to the rate
of straining of the material of the spring, is also of inte-est, as it may de
used to estimate the possidble increase in the yleld level of the material under
dynamic conditions and to dctermine the maynitude of the maximum force due to
viscous damping. The relative acceleration between the mass and the ground,
although it does not appear to have any special practical significance, 1is
of interest, because it may be used in conjunction wvith certain analogies to
obtain response gquantities for modified forms of ground excitation. This matter
is discussed further in Section 2.8. The absolute displacement, velocity and
Acceleration of the mass are needed decause the design of the system may de
governed by limitations on the motion of its masa rather than by strength con-
siderations, and because these quantities may be used to define the character-
istics of the input motion for a secondary light mass that may be a part of the
main mass or may actually dbe attached to it.

2.3 Equations of Motion

for use in subsequent developments, it is desirable to record here
the governing differential equation of motion. For a system subjected to a

ground excitation, this equation is
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'x'+2Bpﬁ+p2u-0 (2.2)
vhere a(sc/ccr) denotes the fraction of critical coefficient of damping, and
p(= Jk/m) denotes the undamped circulsr natural frequency of the system. The
natural frequency of the systeam in cycles per second is denoted by f, and is
given by the expression

t-%

Equation 2.2 can be written in one of the following alternate forms:

%+ 28p & + pox = poy(t) + 28p F(t)  (2.3)

¥+ 28p &+ pou = - H(t) (2.%)

The latter form is the more convenient of the two when the ground motion is
specified as an acceleration function. OCbviously, the solution of these equa-
tions depends on the characteristics of the disturbing function, the degree of
damping in the system, as represented by the parameter g, and the naturel fre-
quency of the system. Actually, the latter parameter enters in the solution
as a dimensionless product of £ and a characteristic time of the disturbing
function. The expressions for the various response quantities are given in
Appendix B in terms of Duhamel's integral.

For a fixed-base system acted upon by an exi . ril force P(t) applied
at the mass, the governing differential equation is

T+28p %k + pzx = pzxst(t) (2.5)

x,, (t) = B8 (2.6)

denotes the deflection that would be produced dy the force P(t) were to be

vhere

applied gradually to the system. This quantity will be referred to as the

static deflection of the system, and its maximum value will be designated as

(xlt)cf



Bquation 2.5 is analogous to Eq. 2.k, and 1its solution may be
obtained from that of Eq. 2.4 simply by replacing u by x and the quantity
¥(t) by mimus p°x_ (t). It follows that, if the external force P(t) has the
sams shape as the acceleration function for the ground imput problem and if,
in addition, the initial conditions on x and % for the force imput are the
sane as those on u and 4, for the acceleration imput, thea the amplification
factors x(t)/(x.t)o and [-pzu(t)]/?o for the two cases will be identical.
Similar analogies also exist between the derivatives of these quantities. In

particular,
t ‘ t ]
[’ zs due to r(t)] - [«» 2 due to r(t)_ (2.7)
and
2l aue to P(t)] - [- %ﬂ due to y(t».)T (268)
P (xot)o ° -

Thus, 1f the response histories for ome set of quastities, say x, X and %, are
available, the histories for the correspoading set, u, & and l,. can be odbtained
directly. Obvicusly, these amalogies are also applicable to the maximm values
of the response quantities.

For a system that is initially at rest, the imitial comditions for
the tvo problems considered above vwill de the sams if

¥(0) = ${0) = O

2.k Anl%u Between Response Quantities Corresponding to Different Forms
Excitation

Let yt(t), yz(t) and y,(t) be three different motioms, such that the
displacement history of the first, the velocity history of the secomd, and the
acceleration history of the third have the same shape. That 1is,

7.(8)  Hp(t)  Fu(¢)
), - ol (ij’o
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vhere the subscript o denotes the maximm value of the function to which it is
attached. Also, let xJ(t) be the adbsolute displacement of the mass of the system
subjected to y,(t).

The equations of motion for X, X and x3 can be expresssed in terms
of Yys i2 and ?3 as follows:

2

a

et g+ 3P 2 (0) o 4,0 (2.100)
& d, o 2 -

- +26p qr= + Pk, = P H,(t) + 26D ¥,(t) . (2.10m)

d
—2; + 20 % + 2%y = BN (4) + 280 Fy(v) (2.10c)

at
the last two equations being cbtained formally from Eq. 2.3 by Adifferemtiation.
Now, 1f the initial comditions for these equations are the same, the three solu~
tions vill be identical, and it may be concluded that:

[-:;‘-5% due to yl(t)] - ['(%S% due to ia(t)] - [3;—;—3 due to 95(1:)] (2.11)

By subtracting from the three parts of this equation, the corresponding parts of
3. 2.9, and recalling that “3 » xJ - 'J’ one concludes further that

[%S% e 10 7,(4)] - [%S% tua to 3,()] = [%;E ot ()] (02)

Similar analogies also exist between the higher dsrivatives of these quantities.
The initial conditionsuof Bgs. 2.10 are specified in terms of

x_l(o) and il(o) for Eq. 2.10a
§2(0) and ’2(0) for Bg. 2.10b, and
’13(0) u't’,(o) for Iq. 2.10e.
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The last three quantities can be related to the initial values of the imput

motion by application of Eq. 2.2 as follows:

%,(0) = - p°uy(0) - 26p 8,(0) (2.13)
£(0) = - puy(0) - 26p 85(0) (2.24)

and
%,(0) = 2807u5(0) - (1-48%)p"15(0) + 28p ¥5(0) (2.15)

As an illustration, consider the special case of a system that is initially at
rest. If the initial values of Yy :’72 and 93 are zero, the initial conditions
for each of Eqs. 2.10 are likewise zero, and the analogies of Eqs. 2.11 and
2.12 are valid. On the other hand, if the initial values of Yy ia a.nd?j are
different from zero, it can readily bYe verified that omnly the initial condi-
tions for Eqs. 2.10b and 2.10c are identical, with the result that in Egs. 2.11
and 2.12 only the analogies represented by the equality of the second and third
terms are valid.

For the special case of a system without damping, it follm.fra
Bg. 2.2 that

#(t) = - pou(t) (2.16)

and the analogies descrided in Bgs. 2.11 and 2.12 can therefore be extended
accordingly.

Of special interest is the following set of amalogies applicable to
the free vibration era of the motion for systems without demping, If the termimal
value of ia(t) in Bq. 2.9 1is zero, the maximum values of the veldcity asd. thg

displacement during free vidbration are related by the equations
k,(t) = pxy(t) = puy(t)
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:33: th; motion is of the simple harmonic type. It follows then that the maximum
8 O -
7 2

G;’% dus to yl(t)] - [32;%)- dus to 'ye(t)] = [; 1(;3;_? due to 93(1;)] (2.17)

2.5 Response Spectra and Spectral Quantities
For design purposes, it is generally necessary to know both the maxi-

mm positive and the maximm negative values of the response. In certain appli-
cations, it may also be desirable to know the magnitudes of these quantities
separately both for the interval that the forcing function acts on the system
and for the time following the end of the disturbance. If the direction of the
excitation cannot be predicted, or if the characteristics of the exciting func-
tion are such that the maximm positive and the maximm negative valuss of the
response are equally likely, then it may suffice to knov only the absolute maxi-
mm value of the response.

The subscript "max" will be used to designate the absolute maximm
positive value of a response quantity, and the subscript "min" will refer
t0o the corresponding meximum negative value. Thus

Uax * the absolute maximm positive deformation

Xoin “ the absolute maximum negative value of the absolute displacement
The numerically greater of the maximum positive and the maximum negative response
quantities will be identified with the subscript o, and the adbsolute maximm
value of the quantity, vithout regards to sign, will be 2encted by the capital
letter of the symbol used to designate that quantity. Thus

U= |\l°| ' (2-1&)
U= |i°| (2.18)
RN (2.18¢)
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A plot of the maximum value of a response quantity as a function of
the natural frequency of the system, 6r a quantity vhich is related to the

frequency, constitutes the response spectrum or shock spectrum for that quantity.

It is assumed that the system has a single degree of freedom, and that the excita-
tion is known and independent of the motion of the system itself. For example,
the diagram expressing the variation of % aax with frequency represents the
response spectrum for the absolute maximm positive value of the absolute velocity
of the mass of the system.

It is convenient to express the various response quantities in dimen-
sionless form by nornqlizing them with respect to the maximum value of the
corresponding input quantity. For a ground motion, displacements may conveni-
ently be expressed in terms of the maximum ground displacement, velocities in -

terms of the maxizum ground velocity, etc. The ratio of the instantaneous

value of a respouse quantity to the corresponding maximum input value will bde
referred to as the amplification factor for that quantity. The normalized

spectral quantities are the peak values of the amplification factors.

The term deformation spectrum will be used to designate the response
spectrum for the absolute maximum spring deformation, U, or a quantity used
as a measure of U.

In many instances, the maximmm spring deformation may be expressed
more comveniently by the quantity V, defined as

V=0 (2.19)

where p is the undamped circular natural frequency of the system. The quantity
YV has units of velocity, and is related to the maximum strain energy of the

system, '-.:’ by the equation



vhich follows from the fact that

1 1
Eax = 2 '5“’%2

Under certain conditions to be discussed subsequently, the quantity
V is identical to, or approximately equal to, the maximum relative velocity,
fJ, and these quantities have, at times, been used interchangeably. However,
they are generally different from one another, and care should be exercised
in replacing one for the other. To avoid possible confusion, the quantity V

will be referred to as the relative pseudo-velocity, or simply pseudo-velocity,

and the term relative velocity will be reserved for the trus relative velocity
of the system.

Another convenient measure of the maximm spring deformation is the
pseudo-acceleration of the mass A, defined as

A=pV = p2U (2.21)
and related to the maximm spring force, Qo,:u follows:
W
Qo =kl = ﬂzu = E A

vhere W is the weight of the system, and g is the gravitational acceleration.
nnfomqowdlobcmwm in the form

Q, =CW (2.22)

vhere C, the so-called lateral force coefficient or dynamic load factor, repre-
sents the mmber of times the system must be capable of supporting its owvn weight
in the direction of motion, anmd is oqual to the pseudo-accileration of the system
expressed in units of gravity.
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For a system without damping, the acceleration X = - pzu, vhence it
follows that the quantity A alsa represents thé sbsolute maximum value of the
true acceleration of the mass, X. For a damped system, A is only approximstely
equal to i, but the difference betwsen these two qQuantities is of practical
significance only for large values of damping, as will be seen subsequently.

It may finzlly be noted from Eq. 2.2 that, for a damped system, the value of
pau at the instant that u is an extremm represents the true acceleration of
the mass, since the second term in this equation vanishes by virtue of the fact
that U = 0 at that instant. It is to be exphasized, however, t&t the maximm

values of these two quantities are sgual only for 8 = O,

2.6 Ground Motions of Interest

2.6.1 General. Whereas the detailed characteristics of the ground
motions resulting from two nuclear explosions under comparable conditions may
differ significantly because of unavoidable differences in the values of the
physical parameters involved, the gross or smoothed-out characteristics of such
motions are generally quite similar. These similarities are particularly
noticeable in the records of ground velocity and ground displacement.

Exanination of availsble field test data (Ref. 1)* reveals that the .
time-history of the ground velocity induced by a nuclear explosion is charac-
terized by a low-frequency, pulse-type of disturbance on vhich are superimposed
oscillations of higher frequencies and usually smaller applitudes of more or
leas random character. The pulse-like disturdbance will be referred to as the
primary component of the motion, and the oscillatory component as the secondary

or random cosponent. The general shape, the peak value, and the duration of the

primary component can generally be estimated with fair accuracy in terms

#isted at the end of the text.
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of the yield of the weapon, the distance of the point of observation from the
source of the explosion, and the direction of the motion. In contrast, the
random component cannot be defined reliably. This camponent arises mainly
from reflections of the transmitted shock wave and is influenced significantly
by the detailed properties of the medium through which the shock is transmitted.
Since the properties of the s0il may vary in a more or less arbitrary manner
with depth or with distance from ground zero, the characteristics of this
component can at best be described in statistical terms. It can generally be
said, however, that the less uniform the soil conditions, or the greater the
ground range, the more prominent is the contribution of the random component
to the total input motion.

It is convenient to consider the effects of the two components of
the input motion separately, and to estimate the maximm effect of the actual
inmput by a combination of the corresponding effects produced by the two com-
ponent inputs. The greater part of this report is concerned with the effect
of the primary component of the motion. However, the manner in which the random
component may modify the effects produced by the primary component, may also
ve estimated from the data to be presented.

2,6.2 Wave Forms of Primary Component. In the immediate vicinity

of ground zero and at shallowv depths, the velocity of the ground in the vertical
direction has the characteristic shape of the overpr- _ure curve, as shown in
the lover part of FPig. 2.2a. This is essentially a half-cycle pulse with a
sharp rise to a maximm value followed by a gentler decay. The corresponding
displacement-time curve, shown in the upper part of the figure, is a pulse

with & quarter of a cycle and a final or permanent displacement equal to the
maximm value of the ground displacement.
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As the distance from ground zero increases, the primary component
of the ground velocity changes into a more nearly full-cycle pulse with both
positive (dovnward) and negative (upward) parts. At the shorter ranges, the
area under the negative part of the velocity diagram is smaller than under the
positive part, and, consequently, the displacement-time diagram shows only
partial recovery from its maximm value, as indicated in Fig. 2.2b. At the
greater ranges, the two areas become equal to each other, and the ground dis-
placement is represented by a half-cycle pulse with complete recovery, as shown
in Fig. 2.2¢. In general, the duration of the negative phase of the velocity
pulse is longer than of the positive phase, and the corresponding displacement
pulse is very similar to the velocity pulse applicable in the immediate vicinity
of ground zero. At still greater tranges. the velocity-disgraa may congist of three
or more half cycles, and the asdociated :displacément ijagram miy baye :sither one
camplete cycle, as shown in Fig. £.24, or.several half-cycles .as discussed in Ref.2.

Half-cycle displacement pulses vith complete recovery may also be
expected in the immediate vicinity of ground zero if the intensity of the
shock or the strength of the ground material are such that no permanent dis-
Placement results.

Evidently, the intensity of the ground motion decreases vith increas-
ing ground range, but this reduction in intensity may not bde mffici.cntly great
to0 compensate for the increased Qymamic effects resulting from the greater
nuwber of oscillations present in the imput function.

The characteristics of the ground motion in the horiszontal direction
are generally similar to those for vertical motion at great ranges. The tims-
history of the displacemsnt is represented either dy a ha.lf-cyclo pulse with
complete recovery, or a pulse vith both positive and negative parts. It
should be noted, however, that the avatladle data for this case are not as
conclusive as those for motion in the vertical directionm.
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In summary then, the following forms of ground motion are of interest.
(1) Half-cycle velocity pulses,

(2) Half-cycle displacement pulses, or displacement pulses with
partial recovery from their maximum value.

(3) Full-cycle displacement pulses cémposed of bdoth positive and
negative parts, and displacement functions with several half-

Inasmuch as 1tcﬁl;:;sically impossible to have instantaneous changes of displace-
ment, niocity or acceleration of the ground, the displacement-time diagrams
and their first and second derivatives must be continuwous functions. In the
following discussion, primary emphasis is given to the effects of continmwus
functions as indicated above; however, some discontinuous pulses are also con-
sidered as limiting forms of ground excitation. In addition, for the sake of
completeness and for the purpose of developing the various concepts in an
orderly fashion, consideration is first given to the effects of motions repre-
sented by a half-cycle acceleration pulse. For this class of excitation, the
velocity of the ground after termination of the pulse has a constant value
different from zero, and the ground displacement increases linearly, as shown
in Fig. 2.3. This type of motion is of course of interest in the design of
equipment mounted in a moving vehicle.

It must be noted here that the characteristics of the ground motions
induced by a muclear blast are not unlike those obtained for some strong motion
earthquakes, and that, vhen properly interpreted, the dynamic response of
systems to the two sources of excitation is generally quite similar. The earth-
quake ﬁim is of course of longer duration than the blast induced motion,
and the random component of the motion is more pronounced for an earthgquake
record. However, insofar as their effect on systess with moderate amcunts of

damping sie concerned, these differences are found to be of minor consequence.

2-13



2.7 Deformation ctra for Undamped Systems Subjected to Half-Cycle
Acceleration ses

~ 2.7.1 Presentation of Data. In Pigs. 2.4 and 2.5 are given

response spectra for the maximum positive and the maximum negative accelera-
tion of the mass of a system subjected to a ground acceleration in the form .
of a half-sine pulse and a versed-sine pulse, respectively. The system is
considered to be initially at rest. In each figure, the response acceleration,
%, normalized with respect to the maximm input acceleration, ?o, is plotted
against the dimensionless product of the natural frequency of the system.in
cycles per second, £, and the duration of the pulse, td. The results for
the forced-vibration era of the motion, i.e. the period during wvhich the pulse
acts on the system, are given separately from those applicable to the period
of free vibration. In particular, the solid line rerresents the spectrum for
the maximmm positive acceleration during forced vibration, the dashed-dotted
line represents the spectrum for the corresponding maximm negative accelera-
tion, and the dashed line represents the spectrum for the maximum acceleration
" during free vibration. In the latter case, the positive and negative values
of the response are mmerically equal. Since the system has no damping, by
virtue of Bq. 2.16, these spectra can also be interpreted as deformatiom spectra.

In Figs. 2.6 and 2.7, the absolute maximm values of the positive and
the negative values of the response acceleration, without regards as to their
times of occurre.ce, are replotted on logarithmic scales. On such a plot,
diagonal lines sloping upward to the right are lines of constant values of the
ratio of the quantities plotted on the ordinate and the abscissa, and diagonal
lines sloping dowanward to the right are lines of constant values of the product
of these two quantities. The diagonal scales in these figures have been normaliszed

such that they represent the dimensionless ratios
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X .. L and ?5
Y, Yo Yo

respectively, where ¥ o is the maximum value of the derivative of the imput
acceleration function, the so-called "jerk".

For input acceleration functions having more than a single half-cycle,
such as those to be considered subsequently, it is convenient to plot the
relative pseudo-velocity pu on the vertical axis of the diagram instead of
on the diagonal axis as was done in Figs. 2.6 and 2.7, and for the sake of
uniformity, the quantity pu will be plotted on the vertical axis for all
deformation spectra given in the remainder of this report.

In Fig. 2.8 the upper envelope of the spectra presented in Fig. 2.6
is replotted in this manner with the pseudo-velocity V normalized by the
maximm ground velocity 3}0. The corresponding spectrum for the versed sine
pulse is given in Fig. 2.9 along with those for two "skewed versed sine" pulses
having rise times, t_, equal to 1/4 and i/8 the pulse duration. The latter
pulses consist of iwo half-segments of a versed sine with unequal lengths.

For ¢ !jt 4= 1/4, the duration of the second segment is three times as long as
that of the first. Included in Fig. 2.9, is also a sketch of the derivative
of the input accelerstion function.

On a plot such as that given in Fig. 2.8 diagonal lines sloping upward
to the right are lines of constant displacement U, and diagonal lines sloping
dovnward to the right are lines of constant acceleration, A = X. Accordingly,
with the scales for the diagonal axes established, from a plot of V alone, one
can also read the values of U and A. In Figs. 2.8 and 2.9 the scales for A
have been normalized with respect to the maximum value of the input acceleration

'y'o. The relationship between V/y¥ o and AY o TaY be stated as

¥
v 1 o A
> = — (2.23)
Y, 2exfy, Vo



Por & half-cycle acceleration pulse,

2.
Yo = 3 ¥t
and Eq. 2.23 reduces to
4 1 A
F,ONEE, ¥,

For a versed-sine pulse of arbitrary rise-dursation ratio,

o = % Yota
_'Y_ - 1 A

To "y,

Yor the class of inmput functions considered in this section, the scale for
the relstive displacement U cannot be normalized with respect to the maximm
ground displacement, since this displacement is not defined in this case.

Por use in later sections, it is noted that, vhen 7, is defined, the relation-
ship between v/io and U/yo may be stated as

Yo U
}: =2xf }: ;; (2.2h)

2.7.2 Discussion of Results. From the information that has Deen

presented and from a study of the additional data summarized in References 3
through 7, the following observations can be made.
a. LowFrequency Systems. This term describes the condition in

vhich the duration of the excitation is small relative to the mstural period
of the system, 1.e. tdf is small. PFrom Figs. 2.4 through 2.7 it can be seen
that for values of t,f less than adbout 0.6, the absolute maximm value of the
deformation occurs &uring free vidbration, wvith the result that dboth Uoax and
Ypip AT numerically the same. As tdf approaches zero, the curves spproach
the limiting values of
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v pu

¥ o -1 (2.25a)
and

4

min l"‘lnin

T, "7F, - (2.250)

That this result is as it should be may be appreciated physically by noting
that, with t df approaching zero, the disturbing function approaches a velocity
step of infinite duration, for which it is well known that the maximum and
minimum values of the dsformation are as given by Eqs. 2.25. PFor use sibse-
quently, this result is derived belovw by application of the simple impulse
‘theory.

Consider first a half-cycle force pulse applied to the mass of a
fixed-base system. For small values cf tdf, the pulse may be approximated
by an instantaneous velocity change of the mass, Vo? the magnitude of wvhich

may be obtained by application of the impulse-mcmentum relation

t

a
v, - f P(x) dr (2.26)
0

The displacement x may then be determined from the expression®*

v

x(t) s f;" sin pt (2.27a)
vhich ylields
x(t) = p[fx.t(-r) dr] sin pt (2.27v)

The maximm value of this expression constitutes an upper bound to the true
maximum displacement, since the effectiveness of the impulse has bdeen over-
estimated by assuming it to be concentrated at t = 0 instead of being spread

over a finite time.

Wnless othervise noted, the limits of integration for the integrsl expressions
presented are from O to t3, and the resulting equations are applicedle for
values of ¢ > t,.
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If the Adisturbing function is a ground acceleration ¥(t) of the
same shape as P(t), the resulting spring deformation may be ocbtained from
EQs. 2.26 and 2.27a by replacing P(t).by ~ad(1) and x(t) by u(t). The result-

ing expression is
u(t) = ;‘{f?(T) d‘l’] sin pt = - % io sin pt (2.28e)
from vhich Egs. 2.25 followv directly. In particular,
v<l f'y(«) ar =Ly | (2.28v)
- P p o

Note that u , occurs at T/4 and W, 8t 37/4, vhere T .u the natural period
of the system.

From the available data, the error incurred by the use of this simple
impulse theory is estimated to be less than 10 percent if

1
to,tf £z

vhere t 0.8 is the effective duration of the acceleration pulse. This gquantity
b4

is defined as the duration of s triangular pulse having the same pesk value
apnd the same area as the actual pulse, and it is given by the expression
Yo !“

Yon "2y 27 % (2.29)

o

in which ?“ 15 the average vilue of the imput acceleration. PFor the versed
sine pulses considered, the effective duration to, a" td. The concept of an
effective pulse duration is introduced to account for circumstances in which
the exciting function includes lov-intensity regions, wvhich, on purely physical
grounds, can be expected to be relatively ineffective. From Eq. 2.23 it can

be verified that the limiting value of to, .f = 1/x referred to above, corresponds
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to the value of t,f for which both '/5'0 and A/'io are equal to one. In genersl,
the effect of pulse shape is unimportant for values of to ‘r as high as 0.5.
}

b. High Frequency Systems. Figs. 2.4 through 2.7 show that for values

of tdr greater than that corresponding to the peak value of the curve for free
vibration, the maximm positive value of X is greater than the maximm negative
value, the difference becoming progressively greater with increasing value of
tdf. As t,f approaches infinity, b 4 AX and ’ﬁun approach the maximm positive
and the maximm negative value of the input function, respectively. For the
class of pulses considered in this section, the negative value is of course
zero. These limiting values are valid only if the input acceleration is a
continuous function.

In general, xX(t) can be expressed as the sum of two components: a
function that is proportional to the input acceleration, and a sinusoidal com-
ponent, the frequency of vhich is equal to the natural frequency of the system,
f. As f tends to infinity, the magnitude of the first camponent becomes numeri-
cally equal to the input acceleration, and, in the absence of any discontinuities
in the imput acceleration, the amplitude of the periodic component reduces to
zero. The response of the system then approaches that obtained under "static"
conditions, and the limiting value of A becomes equal to the maximm imput
acceleration.

The effect of a distontinuity in the input acceleration is to make
the amplitude of the periodic component in the expression for ¥(t) equal to the
mgnitude of the discontinuity. If the imput function has several discontinui-
ties, the amplitude of the periodic component at any instant is equal to the
mumerical sum of the discontinmuities up to that fnstant. This condition is
1llustrated in Fig. 2.10 for a series of acceleration pulses, including two

full-cyels functions. The dashed line curves in this figure represent the imput
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acceleration and the solid lines the acceleration of the system. The curves
are dravn on the assumption that the natural period of the system, as repre-
sented by the period of the oscillatory component of the response, is small

in comparison to the smallest time interval between consecutive discontimuities.
These plots shovw that the limiting value of A must be either equal to the sum
of the absolute maximm value of the input acceleration and the numerical sum
of the discontinuities preceding this maximm, or equal to the mmerical sum

of a greater number of discontinuities and the magnitude of the following maxi-
mm, vhichever combination gives the mmerically greater value. For example,
for the imput function considered in Pig. 2.10f, the limiting value of A is

[(?°)1+51]°r[c1+m2+(?°)2]or[zoro+-1+u2+a3]

vhichever is greatest. From these plots, the limiting values of *h.x and Yhin
can also be determined, as shown.

It must be remembdered that in the preceding discussion, the system
vas presumed to be completely undamped. Obviocusly, the effect of damping 1s to
reduce the anplitude of the periodic component of the motion, the magnitude of
the reduction being more promounced in cases such as those showm in Pigs. 2.10c
and 2.10f, vhere the maximum respouse occurs at a consideradble distance from
the major discontinuity, instead of when the maximum occurs immediately after
the discontinuity.

For an input acceleration pulse without any discontimuities, the range
of frequencies within vhich the quantity A may de considered to be equal to the
maximm input acceleration depends on the shortest rise time of the pulse rather
than on its duration. From available data, and particularly those given in
Fig. 4.19 of Ref. 3, it 1s concluded that the peak value of the input and the

respouse accelerstions may be considered to be equal for valuves of
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%r,.r >1.25 (2.30)

vhere ir a is the shortest "effective”™ rise time to the peak acceleration. This

2
quantity is defined as the horizontal projection of a straight line extending
from zero to the maximm value of the input acceleration with a slope equal to

the maximm slope of the original curve, and is givea by the equation

E - ;‘2 (2.31)
o

The error incurred by the use of the approximation referred to in Eq. 2.30 1is

estimated to be less than about 15 percent.

The general procedure described in the preceding paragraphs for the.
computation of the response acceleration of high-frequency systems, in combina-
tion with the analogies presented in Art. 2.k, can also be used to define the
limiting values of other response quantities and to obtain other useful infor-
mation. Por example, the limiting value of X(t) may be determined by considering
‘¥(t) to be the associated input function. Now, if ¥(t) is a Aiscontinuous
function, the amplitude of X(t) during free vibration will be different from
zero, and from the magnitude of this amplitude, it 1s also possible to define
the manner in vhich i-.t a spproaches its limiting value. For the half-cycle

acceleration pulses considered in this uction, in p Occurs during free vidra-
tion, and is therefore, related to ¥ in by the equation

flin =P !hin
As an 1llustration, consider the spectra for the half-cycle acceleration pulse

presented in Fig. 2.6. In this case, ¥(t) is a cosine function, and the limit-

ing value of Yun =~ 25, a8 my be appreciated from the dingrin in Pig. 2.100.
It follows that at the limit
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this result being substantiated by the data in Pig. 2.6.
For the versed sine acceleration pulse considered in Fig. 2.7, the
limiting amplitude of A t) during free vibration is zero since 'y(t) is & contimu-

ous function. However, by working with the second derivaties of ¥(t), which is

discontinuous, and its associated response quantity X(t), one finds that the
limiting value of the residual amplitude of "X"(t) is 2‘?;.
Accordingly,

e, | = Pl | —=2Y,

and by noting that
2

.y; =2 L‘g ?ot
ta

one obtains the result

l.ilin' - 1l
!o (t‘f)!

vhich agrees with the data presented in Fig. 2.7.

c. Maximm Values of A. In Table 1 are listed the valuss of Ao

and A‘_ with the associated values of tdf for the pulses considered in the preced-
ing sections and for three triangular pulses discussed in Ref. 5. The quantity
Ao denotes the absolute maximm value of A, and A r denotes the maximmm corres-
ponding to the residual or free-vibration motion. The rise times of these
pulses, t_, are also listed along vith the effective rise times, £r, as defined
by Bq. 2.31.

In Table 1 the smallest value of Ao/,o = 1,26 1s obtained for a
triangular pulse vith vertical termination, and the greatest value of 2 is

obtained for pulses vith a vertical front. The results show clearly that the
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rise time of the pulse is the most important single parameter influencing the
magnitude of the absolute maximum response, the detailed shape of the pulse '
being of secondary significance. Between pulses having the n;Ie peak value
and the same duration, the greater value of Ao/?o can generally be expected
to occur for the pulse with the shorter effective rise time.

For pulses with a smooth rise, the value of Ar is equal to or slightly
less than the adbsolute maximum value Ao' However, the difference between the
two sets of values increases with decreasing rise time, with the maximm differ-
ence obtained for a pulse with ve_rtical front and a smooth decay.

The value of t,f corresponding to AO/YO generally increases with
decreasing rise time. Although there does not appear to exist a simple way of
defining this value, it is worth noting that it is consistently greater than
or equal to the value corresponding to the peak residual acceleration, Ar, the
difference between the two values becoming greatest for the pulses with a
sharp rise. The value of tdf corresponding to Ar can most reliably be approxi-

nated in terms of the effective duration of the pulse, ¢

o.a’ 88 follows
»

~ - o)
to"f s 0.8 or tdf s 0.4 y.—v- (2.32)

For an acceleration pulse with a vertical front and a smooth decay,
the response spectrum for A/'io increases monoctonically with t,f, and approaches
the value of 2 as a limit. Por such pulses, for values of tdf greater than 1.0,
the quuitity A/¥  can be approximated by the expression

A 0.
Y; 31+ !sy;z’- (2.33)
vhere ¥(0.5T) is the value of F(t) at a time equal to one half the nmatural period
of the system. When expressed as a fraction of the total pulse duration, this
time 1s equal to 0.5/(t'¢f). In the following table, the approximate and exact
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values of A/?o are compared for an initially peaked triangular pulse and for a
cosine function of one-quarter of a cycle. The exact values for the latter
pulse were odbtained from a plot included in Ref. 5.

L. Mangglar Pulse Cosine Pulse
d Approx. Exact Approx. Exact

1.0 1.50 1.57 1.1 1.82
1.5 1.67 1.72 1.87 1.01
200 1075 1079 l'% hndd

2.7.3 Design Rules. For design purposes, the response spectra

for the adbsolute maximm deformation of undamped systems subjected to half-
cycle acceleration pulses without any discontinuities can be approximated as
shown in Pig. 2.11. Yor specific numerical applications, it is convenient to
plot this diagram on a four-wvay logarithmic grid similar to that given in
Pig. 2.12, in which the scales are expressed in absolute units instead of the
dimensionless ratios used up to this point. To a first approximation, the
spectrum may be defimed by the straight line segments ab, bc, de, and the
curved segment cd. Improved accuracy can be obtained by use of the smooth
transition curve, as shown dy the dotted line.

The spectrmm is defined as fono.n:

(a) Along the horizontal line ab, the relative pseudo-velocity V
is equal to the maximum value of the ground velocity.

(b) Along the dngcnnl line bc, the acceleration A is approximately
equal to 1.5 times the maximum ground acceleratiom.

(c) Along the diagonal lins de, the acceleration A is equal to the
maximum ground acceleration.

224



(4) The curve cd is tangent to the line bc and intersects line de
at an angle, as shown in the figure. The frequency corresponding to point 4
is determined from the expression {r, ‘f = 1.25, and that of point ¢ can best
be estimated from the data given in Table 1. For a symmet:rical pulse, the loca-
tion of ¢ may be determined from Eq. 2.32.
For a discontinuous input function, the diagram must be modified

in accordance vith the general observations made previously.

2.8 Synthesis of Spectra for s Sequence of Half-Cycle Acceleration Pulses.

In addition to providing a great deal of insight into the behavior of
the system, the detailed spectra of the type presented in Pigs. 2.4 and 2.5 can
also be used to synthesize the response spectrum corresponding to a sequence of
half-cycle pulses. This possibility is described with reference to the full-
cycle acceleration pulse shown in Pig. 2,13, the individual pulses of vhich may
be of any shape for vhich detailed spectra are available.

The basic idea is to consider the motion produced dby each half-cycle
pulse acting independently, and to combine the resulting maximm effects,
taking into consideration both thée shape and duration of the 1nd;vidunl pulses
and also the times at vhich these effects take place. Fig. 2.13 shows the
motion produced by each component pulse acting alone, along with the notation
used. The symbol .io,]. denctes the maximum value of the acceleration produced
by the first pulse during forced vibration, i.e. in the interval t < t,, and
gr,]. denotes the corresponding residual maximm. The remaining symbols are
self-explanatory.

The absolute maximum response due to the actual pulse will maturally
occur in one of the following regions:

Region 1, corresponding to t < tl

Region 2, corresponding to t; <t < t4

Region 3, corresponding to t > td
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Let nJ denote the magnitude of the maximum response for the jth region, and
R be the absolute maximm response,

For the first region, Rl is evidently equal to 'JEo’l , the latter value
being determined from the appropriate spectrum for the first half-cycle pulse

1
For the third region, R3 is obtained by a combination of the ampli-

and the specified value of the frequency parameter t.f.

tudes of the two residual oscillationms, .x.r,l and .ir,a’ these quantities being again

determined from the appropriate spectra with the appropriate values of t.f and

1
t2f. These amplitudes may be combined in a number of different ways, of which

the following two appear to be the more appropriate:

(a) Take the numerical sum of .ir,l and 'ir,a (2.34)

(b) Use the expression

R, = / (%, 1)° + (%, ,)° (2.35)

The first approach, which assumes the two residual oscillations to be in phase,
obvicusly leads to an ypper bound. The sign of the error committed by the
second approach, which amounts to assuming the two residual oocilht:lons‘ to
be 90° out of phase, camnot be determined in general.

For the intermediate region, the response 32 is computed by combining
the quantity "fo,a vith the amplitude of the residual oscillation due to the
first pulse, %

r,l*
those used for region 3.

T™wo alternative procedures are noted vhich are analogous to

An upper bound may de cbtained by linear superposition as follows:

Ro <%,0¢% (2.36)

vhere the signs are selected so as t0 yleld the maximm possidle mmerical valus.
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Alternatively, one may use the expression

R =e +/ (%2 - %) + (2,,1)2' (2.37)

where (':Eo"2 - a2) approximates the oscillatory component of fhe motion induced
by the second pulse, and the square root quantity approximates the amplitude
of the oscillatory component due to both pulses.
As an illustration, consider an acceleration function composed of
a sequence of two half-sine waves such that tl/td = 1/4 and 8, /¥, = tl/t2 = 1/3.

Assume further that tlf = 0.5; whence it follows that t.f = 1.5.

2
By entering Fig. 2.4 with the appropriate values of the frequency

parameter, one finds that

X ,=15T¥%, !r,l =1 1.57Y,

o,
22-1.5&2-0.5?0 % = 0

o,

It follows that
R, = .io,l = 1.57 §,

p (-1.57 - 0.5) ¥, = - 2.07 ¥, by Eq. 2.36
BN

[- 0.35 -y (0.5 - 0.33)2 + (1.57)2] ¥, = - 1.91 ¥, by Eq. 2.37

(1.57 + 0) §, = 1.57 ¥, by Eq. 2.3k

’
% 2 ’
Jasn® +0 ¥ =157 ¥, by K. 2.35

The absolute maximm value of the response is, therefore, R = -2.07

by linear superposition, and R = -1.91 by the square root rule. The latter value
happens to coincide vwith the déxact value.
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In Pig. 2.14a the response spectrum for the acceleration function
considered in the preceding example is compared with the results obtained by
the two versions of the approximate procedure preseunted. A eimilar compari-

. son is made in Pig. 2.14b for a full-cycle sinusoidal function. As might have
been expected, the agreement is better in the first case vhere one of the
pulses dominates the response.

It must be noted here that the response of _the system in the low-
frequency range can reliadbly be predicted by simple relations to be presented
later, and therefore this procedure need not be used for this frequency range.
The procedure is recommended especially for the computation of the absolute
maximum value of A, and will be used for this purpose later.

2.9 Deformation Spectra for Undamped Systems Subjected to Half-Cycle Velocity
ses:

The pulses considered in this section are of the type shown in Fig. 2.2
for which the areas under the positive and negative parts of the acceleration
function are equal. The system is presumed to have no damping and to be ini-
tially at rest.

2.9.1 Low Frequency Systems. If the duration of the velocity pulse,

td, is short in comparison to the natural period of the system, the maximum
ground displacement, Yo will be attained before the mass of the system has had
an opportunity to respond, and the ground motion will literally de “gbrorbed”
by the spring. It is physically apparent that the first extremum value of the
deformation will occur approximately at t = td, and vill be nearly equal to the
negative value of Yor The subsequent motion of the mass will be essentially
that of a fixed-base system subjected to an initial deformation Yo' It

follows, therefore, that
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Ymin * ~ Yo Yeax * Yo U=y,

Xnin = © LR X=27,
and that the first values of Yoax and X ax will occur spproximately at
t= td + 0.5T.
The limiting value of U for this case can also be determined from
Eq. 2.28b by making use of the analogy expressed by the second and third terms
in Eq. 2.17. Noting that A = p-U, one cbtains

A\ fi(f) v =py, (2.38a)
U
otk

If the maximum ground displacement Y, 18 expressed in terms of the ground
acceleration, BEq. 2.38 can be written alternatively as

U Sf'i(‘l’) T at | (2.38v)

The latter integral represents the moment of the acceleration diagram about
the end of the pulse.

2.9.2 Presentation and Discussion of Results.

a. Characteristics of Representative Spectra. In Fig. 2.15 are

given response spectra for the relative displacement U, the relative pseudo-
velocity V, and the psendo-acceleration A, of a system subjected to a versed-
sine pulse of ground velocity. A sketch of this pulse anl of the associated
acceleration and displacement functions are included in the figure. It must be
emphasized that these curves are interrelated dy Eq. 2.21, and that 1if one of
them 1s known, the remaining twvo can be determined.

It can be seen that the deformation U never exceeds the maximm
ground displacemsnt, and that, for small values of tyf> it is essentially
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equal to Yo As far as the acceleration A is concerned, at large values of
tdf, it is spproximately equal to the maximum ground acceleration 90, but the
peak value of A is greater than S‘o and occurs in the intermediate range of
t‘f values. These limiting values of U and A are in agreemsnt with those
discussed in the preceding section. |

Of special significance is the relative order of magnitude of U/y,

and A/yo for the extrems values of t,f. At small values of t,f, the amplifi-
| cation factors for A are & fraction of those for U, vhereas at the large
values, the order of the curves if reversed, and the amplification factors,
for U are a fraction of those for A. It would appear that, for low-frequency
systems, the maximm deformation is insensitive to the details of the accelera-
tion and velocity records, vhereas for high-frequency systems, it is insensitive
to the characteristics of the imput displacement. In the intermediate range,
the response appears to dbe sensitive to the characteristics of both the velocity
and the acceleration traces. Because of the general shape of these curves, the
maximoe deformation of msdium-frequency systems can more conveniently de
expressed in texms of V instead of directly in terms of U. Similarly, for
high-frequency systems, the quantity A is a more comvenient mesasure of the
maximum spring deformation than either U or V. It is essintially for this
reason that ¥V and A are used as altermative msasures of U.

The maximum positive and the maximm negative values of the spring
deformation are shown separately in Figs. 2.16 and 2.17a in the form of
acceleration spectra and psevdo-velocity spectra, respectively.

The following characteristics of the curves are worth noting.

(a) Por values of t,f <1, the maximm deformation ocours durisg
free vidbration, wvith the result that the positive and negative values of the

Tesponse are mumsrically equal.
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(b) The absolute maximm value of the pseudo-velocity, V,» occurs
during free vibration.

(¢) For values of t,f >1, the maximm deformation during forced vibra-
tion is equal to, or constitutes a good approximation to, the absolute maximm
value. Furthermore, the positive and negative values of the response are
close to one another, but this agreement is believed to be valid only for
symmetrical velocity pulses for vhich the positive and negative parts of the
imput acceleration have the same general shape and magnitude. If the peak
mpgnitudes of the two parts of the acceleration funttion are different, ¥  aax
will converge to the corresponding negative value. This condition is {llus-
trated in Pig. 2.17b vhich refers to a skeved versed-sine velocity pulse with
a rise time of 0.25 td. The ratio 6f the minimm and maximm values of the
input accelerstion function being 1/3, the limiting value of |% lllm| =¥/5.

(4) Por the pulses considered, the peak values of the acceleration
- A for the forced vidration and the free vibration eras ot. the motion are close
t0 each other. Pertinent data are summarized below for a class of skewed

versed-sine velocity pulses having rise-duratiom ratios of 1/2, 1/ and 1/8,

. . Absolute Naximm Value of A/Y,
ty Forced Vibration Free Vibration
1/2 3.25 3.21
1/h 1.97 1.7h
1/8 1.85 1.1

b. Effects of Rise Time and Discontinmuities im Acceleration. The
spectrs in Fig. 2.18 are for a family of skewed versed-sine velocity pulses
with rise times ¥anging from 1/2 to 1/8 the duration of the pulse.
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It can clearly be seen from this figure that for values of tdf less
than one the effect of rise time 1s almost imperceptible. Similarly, at the
right hand end of the diagram, the limiting value of A for each curve can be
.shown to be equal to the maximum input scceleration ¥ o By virtue of the
fact that the magnitulde of the ground acceleration for a fixed value of the
maximm ground velocity increases with decreasing rise time, on a plot such
as that given in Pig. 2.18, the location of the limiting value of A shifts
to the_ right as tr, '/'l;‘l decreases. Thus, the principal effect of a decrease
in the rise time is to increase the width of the nearly flat portion of the
V-spectrunm.

In Figs. 2.19 through 2.22¢c are given deformation spectra for several
velocity pulses the derivatives of which are discontimuous functions. The
velocity pulses considered include a symmetrical parabolic pulse (Figs. 2.19
and 2.20), a skeved sinusoidal pulse with a rise time equal to one third the
total duration (Pig. 2.21), and a series of triangular pulses with different
rise-duration ratios (Pigs. 2.22a through 2.22c). The velocity pulses and
the corresponding acceleratiom histories are shown in the inset diagrems. The

values of t.f bdelow vhich the absolute maximum response consistently occurs

a
during free vibration are also indicated.

For values of t.f between zero and a value slightly greater than that

d
for vhich V is maximum, the spectra presented in these figures are almost
1dentical to those presented earlier, verifying the prediction that, for flexible
systems, the maximm deformation is dependent on the shape of the ground dis-
Placement alone, rather than on the shapes of the correspoadiang velocity or
acceleration traces. In each case, the spectrum is dounded om the left dy a

line of constant displacement equal in magnitude to the maximm ground displace-
ment. For values of t,f less than that for which V/§, = 1, the maximm error
due to taking U = y, s for all practical purposes megligible.
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In contrast, for values of tdr 21, the magnitude and general appear-
ance of the curves are influenced to a rather significant d.egree' by the detailed
features of the input motion. In Figs. 2.20 and 2.2]1 the limiting value of A
is equal to twice the maximm ground accelerstion, and in Figs. 2.22 {t is
equal to twvice the maximum value of the discontinuity in the input acceleration
function. These limiting valuss are in agreement with those predicted by the
procedure described im Art. 2.7.2b. In Pig. 2.22c the curve for 1-.1_’,,/1:d =0
approaches asymptotically the line V/io = 1, because the maximum imput accelera-
tion is infinite in this case, and the velocity function approaches a step pulse
of infinite duration.

For an imput acceleration without any discontinuities, the response
of a high-frequency system may be considered to be the same as that obtained
under static conditions if Eq. 2.30 is satisfied for each component pulse in
the input acceleration. However, if the amplitudes of the individual pulses
are significantly different from one another, it may be sufficient to satisfy
this relation only for the pulse with the greatest ordinate, since the effect
of the remaining pulse or pulses may dbe negligible.

c. Maximum Values o V and A. The maximum values of V, for the

velocity pulses considered in the preceding sections and for several additional
pulses considered in Ref. 2, are listed in Table 2 together with their corres-
ponding values of ¢ df' The results for the pulses identified with an asterisk
correspond to maxime that occur during free vidbration, but these maxima are
expected to be equal to or very close to the absolute maximm values. Pulses
Sa and 5b are defined by Bq. 4.6 of Ref. 2 &s the product of & versed sine
function, a skewing constant, and a decaying exponential. fuaction.

It can be seen that the value of vo/!o rangss between 1 and 2, the
lower bound corresponding to a rectangular velocity pulse of infimite durationm,
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and the upper bound to a rectangular pulse of finite duration. These limiting
values suggest that, for velocity pulses of other shape, the smaller values of
Vo/'yo would occur for pulses having & sharp rise and a gradual decay, and

that the larger values, would correspond to pulses having a sharp rise, a sharp
decay, and a fairly flat intermediate region. It follows further that, for
symmetrical pulses, the values of vo/y"o can be expected to be greater than
those for unsymmetrical pulses, and that among symmetrical pulses of the same
duration and the same peak value, the greater values of Vo/i'o would correspond
to the pulse having the shortest effective rise time cowbined with the flattest
top. These conclusions are substantiated by the mmerical data presented in
Table 2. The effective rise time, Er,v, defined in a manner anmalogous to that

used for a half-cycle acceleration pulse, is given by the equation

£r,v - 39; (2.3
In the absence of specific information about the shape of the velocity pulse,
the value of vo for the unsymmetrical wvelocity pulses encountered in groumd
shock problems may be taken as 1.5 times the maximrw input velocity.

It may be recalled that in discussing the effects of half-cycle
acceleration pulses, it vas noted that the maximum value of A depends primarily
on the effective rise time of the pulse, snd that the detailed shape cf the
pulse, including its decay time, were relatively unimportant. That the signi-
ficant parameters for an acceleration inmput are different from those for a
velocity input can best be appreciated by considering the response of high-
frequency systems to a rectangular forcing function. For an acceleration
input, the samplificatiom factor for Ao is one, irrespective of the duration
of the pulse, vhereas for a velocity imput, the amplificator factor for vo
is one only for a pulse of infinite duration, and becomes two for a pulse of
finite duration.

2-34



In Table 2, the values of tdr corresponding to \’o range from 0.50
to 1.9, with the mJority of the values being of the order of 0.7. The maxi- ‘
mum value is obtained for the decaying skewed versed-sine pulse, No. lLa, for
vhich it is physically apparent that the "effective duration”, to,v’ which
excludes the low-intensity tail end of the pulse, is shorter than the actual
duration. The location of vo can more reliably be expressed in terms of the
effective duration parameter ¢ o,vf , the values of which, as can be seen from
the table, are considerasbly less dependent on the details of the pulse shape
than are those of the parameter tdf. The quantity .to,v’ defined in a manner
analogous to that presented earlier for an acceleration pulse, is given by

the expression

Y
~ o av .
tO,V &2 }: = 2 };— td (2.50d)

In the absence of detailed information about the shape of the velocity pulse,

Vo my be considered to occur st a value of

¥y
a . Q .
to,vf - 008 or tdf - 0.“ 1; (eok“ )

For the pulses comidcred, the values of A_ /;o range from a maximm value

of 4 to a value of less than 2. In general, the larger values are obtained for

the acceleration pulses for vhich the positive and negative half-cycles are of

the same shape and duration (i.e., for symmetrical velocity pulses). In the
following table, the exact values of Ao&o for the class of skeved versed-sine
velocity pulses considered are compared with the values obtained by application

of the two versions of the approximate procedure described in Section 2.8. For

the values given in the third column, the contributions of the individual pulses
were combined linearly, and for the values given in the fourth column the square
root rule vas used. The agreement bDetween the exact and the approximate values

is considered to be quite adequate for all practical applications.
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t Maximm Values of A /¥

Y -

1/8 1.85 ~1.85 1.84
1/4 1.97 2.17 2.06
1/2 3.30 3.46 2.86

Strictly speaking, the ‘valuée of Ao depetids not omly om the: relative
amplitudes and durations of the individual pulses in the imput acceleration
function, but also on the pulse shapee: themselves, as may be appreciated
from the discussion presented in Section 2.7.2. However, in the absence of
information about the detailed shape of these pulses, the value of Ao may dbe
taken approximately as 1.5 times the numerical sum of the maximum and minimum
values of the input acceleration.

The location of A, can best be defined in terms of the duration tl, e
of the dominant acceleration half-cycle rather than the total duration of the

pulse. The quantity t is, of course, equal to shorter rise time in the

1l,s

associated velocity pulse, t Por comtimuous functions, Ao may be cousidered

r,v’
to occur at a value of

t, £ =0.6 (2.%1)

2.9.3 Design Rules. For design purposes, the deformation spectra for

systems subjected to half-cycle velocity pulses may be approximated by the diagram
given in Fig. 2.23, provided the ground acceleration is a contimuous function.
To a first approximation this spectrum may be defined t;y the straight line seg-
ments ab, bc, cd, ef and the curved segment de, as follows:

(a) Along the diagonal line ab, the displacement U is equal to the
maxismm value of the ground displacement.

2-36



(b) Along the horizontal line bc, the relative pseudo-velocity V is
equal to 1.5 times the maximm ground velocity. If the detailed shape of the
input velocity is known, a more precise estimate for this upper dound on V may
be obtained from the data presented in Table 2.

(c) Along the diagonal line cd, the accelerstion A is equal to 1.5
times the sum of the absolute valuss of the maximm and minimm ground accelera-
tions. If the input function is known exactly and response spectra for the
component pulses are available, a somebhat Detter estimate of this value of A
may be obtained by the procedure described in Sectiom 2.8.

(4) Along the line ef, the acceleration A is equal to the maximm
ground acceleration.

(e) The curve de is tangent to the line cd and intersects the line
ef at an angle, as shown in the diagram. The frequencies corresponding to
points 4 and e are determined approximately from the expression shown in the
figure. The frequency for point d should not de smaller than the frequency
corresponding to point ¢ of the diagram.

(£) The transition curves shown in dotted lines are tangeat to the
straight line segments at points g, h and 4. Point g corresponds to a value
of V= io, and point h corresponds to a frequency determined from Eq. 2.kO0b.
The latter frequeacy should not be greater than that corresponding to point c.

2.10 Defarmation %ctn for Uﬂ %stcu SubJected to hlfﬁ&lc
.splacemen ses ses necmrz

The pulses considered in this section are of the type shown in

Figs. 2.2c and 2.2b. Asibefore, the system is considered to have no damping
and to be initially at rest.

2.10.1 Lov Frequency Systems. From a physical argument emtirely
analogous to that used in Section 2.9.1, one concludes that for low-frequency
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systems the first extremum value of the deformation will ocecur at or near
the instant that the ground attains its maximm value and will be approxi-

mately equal to the negative value of Yo i.e.

Uyn =7, 8t t3t, (2.42)
The second extremm will occur after termination of the pulse. Ry virtue of
the similarity of Eqs. 2.3 and 2.5, the absolute displacement of the system
for t > t, can be determined from Eq. 2.27b by replacing x .(7) by y(7), as
follows

x(t) = p [fy(t) d'r] sin pt = pt, vy, sin pt (2.43a)

where Yov is the average value of the displacement in the interval between
0 and t,. Equation 2.43a also represents the relative displacement u(t),
since y(t) = O for t > t,. It follows then that

a
u-x = x-.! .<_ Ptd ’.v (2',‘3")
or
“nx x-x [ y.V]
b < |ex A tyf (2.44)

e first values of | and Xpax OCCUT at a time roughly equal to one-half
the natural period of the system. Incidentally, Bg. 2.44 could also have been
obtained from Eq. 2.38a by utilizing the analogy expressed by the first two
terms in Eq. 2.17.

For a ground displacement y(t) with partial recovery, the relative
displacement for t > td is given Dy the expression

u(t) = pt, v, sin pt - ¥, cos(p(t-t,)],

in vhich the first term represents the contridbution of the pulse within
o<t < td’ and the second term represents the comtribution of the residual
or final displacement of the grounmd, Yo For small values of pt‘, taking
sin ptd - ptd and cos ytd = 1, one ocdbtains
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u(t) = Ptd[yw - yf] sin pt - Yy cos pt,

. [FEIT o B ew

For a displacement pulse with complete recovery, the absolute ma.xi-_

vhence

mum value of the deformation, U, is the numerically larger of the values given
by Eqs. 2.42 and 2.44, and for a pulse with partial recovery, it is the larger
of the values given by Egs. 2.42 and 2.45. Por a displacement pulse vith com-
plete recovery, Eq. 2.M8 governs for values of

1 yo
t L € o (2,1;6)
q 2x y‘v

2.10.2 Presentation and Discussion of Data. In Pig. 2.24 are

presented response spectra for the maximum and minimm deformations of undamped
systems subjected to a half-cycle displacement.pulse. The acceleration diagram
of the input motion consists of a sequence of three half-sine pulses of the

same amplitude and of durations tl’ 21:1 and t., respectively, as shown in the

1
inget disgram. The maxizum deformation, Yo’ corresponds to an extension of
the spring and is a positive quantity, whereas u nin corresponds to compression
and 18 a negative quantity. It should be noted that the abscissa in this figure
is the quantity 2t1f ingtead of the quantity t df used in previous figures.
The quantity 2tl is also equal to the duration of each velocity pulse and to
the rise time of the associated displacement function. Included in this figure
as dotted line curves are also the results obtained from Eq. 2.2 and from the
right member of Bq. 2.4k,

In Figs. 2.25s and 2.25b are presented similar curves for a versed-
sine displacement pulse and for a skeved versed-sine displacement pulse vith a
rise-duration ratio of tlltd = 1/4. The upper envelopes of these curves are

compared in Fig. 2.26 with the corresponding curve for a displacement pulse of

2-29



the seme family but vith a value of t,/t, = 1/8. The displacement pulses
considered in these figures are identical to the velocity pulses considered in
Figs. 2.17a through 2.18.

The following characteristics of the curves are worthy of note:

(a) Unlike the spectra for the half-cycle velocity pulses considered
previously, vhich were bounded by a value of U equal to the maximm ground
displacement, the spectra presented in this section have values of U exceeding
the maximm ground displacement over a considerable range of the frequency
parameter.

(b) For low-frequency systems, the results obtained from Eqs: 2.42
and 2.4l are in good agreement with the exact values. Note, in particular,
that the approximate results define with reasonable accuracy the initial position
and the initial slope of the "hump” on the left-hand portion of the diagram. In
the following table the values of tlf corresponding to this break in the spectra
are compared with the values obtained from Eq. 2.46 for the family of skewed

versed-sine displacement pulses.

tl Value of .tlr

*a Exact From Eq. 2.46
1/2 0.15 0.16

1/4 0.084 0.080

1/8 0.0k2 0.039

(c) Por the motion considered in Fig. 2.24 the limiting value of
A/Ss for high-frequency systems is 1.0, whereas for the motions considered in
Figs. 2.25 it 1is equal to 2.0. This is due to the fact that the acceleration
function:.of the first motion is contimuous, whereas of the second motion it is
discontinuous. These limiting values are in agreement with those predicted by

the procedure descridbed in Section 2.7.2b.
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(d) The absolute maximum value of the deformation, Uo’ occurs during
free vibration, a.ndv the maximum value of the pseudo-velocity, Vo s either occurs
during free vibration (as in Figs. 2.24 and 2.25a), or is a close approximation
to the corresponding maximum obtained during free vibration (as in Fig. 2.25b).
It may be recalled that for the half-cycle velocity pulses considered in
Section 2.9 similar results were obtained for the quantities V ° and AO.
Accordingly, the analogies given in Eq. 2.17 are applicable, and it follows
that the value of Uo/y o for a half-cycle displacement function mst be equal to
the value of VO/S'o for a velocity input of the same shape, and they must occur
at the seme values of t,f. Similarly, the coordinates of V <,/;,‘vo for the
displacement input may be considered to be the same as those for Ao/?o for the
corresponding velocity input. That this is indeed true can be verified by '
camparing the corresponding coordinates of the spectra presented in Pigs. 2.17
and 2.25. The magnitude of A_ for the displacement pulses cannot be obtained
by snalogy of the results presented previously, btut it is clear from the
material already presented that this quantity depends primarily on the mumber
of half-cycles in the input acceleration, on the degree of regularity of the
individual pulses, and, to a lesser extent, on the shape of the individual
pulses. If the spectra corresponding to the component pulses are available,
then the value of A - be determined with good accuracy by use of the procedure
described in Section 2.8. In the absence of detailed information about the
characteristics or' the ground acceleration, the approximate design rule given
in the next section may be used.

In Mg. 2.27 are given deformation spectra for a half-sine displacement
pulse. It is important to note that, whereas the left-hand portions of these
spectra are quite similar to those presented in Figs. 2.24 and 2.25a, a result

that might have been anticipated from the similarity of the three displacement
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functions, the right-hand portions differ radically. It should be apparent
that the medium-frequency and high-frequency regions of a deformation spectrum
are functions of the detailed or "microscopic" features of the displacement
function, which are generally difficult to ascertain from the displacement
diagram itself. These features are most clearly depicted in the velocity and
acceleration diagrams of the input motion. In Fig. 2.27 the spectrum approaches
a horizontal asymptote because the velocity diagram of the input motion is a
discontinuous function (i.e. the acceleration function has infinite discontinuities).
By utilizing the procedure described in Section 2.7.2b and the analogy
expressed by the second and third terms in Eq. 2.11, it can readily be shown
that as t,f->« the maximm and minimm values of the velocity of the mass, X,
approach a value equal to twice the maximm ground velocity. This relation is

also valid during free vibration. But, since y(t) = O for t > ty

ix| = |4] = |pu]
whence it follows that
loup ) = ol =25

Some data for displacement pulses with partial recovery are given
in Rer. 8.

2.10.3 Design Rules. For design purposes, the deformation spectrum

corresponding to & half-cycle displacement pulse, or a pulse with partial
recovery, may be approximated by the diagram abcdefgh, as shown in Fig. 2.28.
For improved accuracy, the portion of the diagram between points b and £ may
be replaced by smooth transition curves as shown by the dotted lines. The
time histories of the displacement, velocity and acceleration of the ground
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are considered to be continuous functions. The characteristics of this diagram
a.re' as follows:

(a) Along the limiting lines ab and gh, the relationship between
the input and response quantities are the same as for the corresponding lines
adb and ef in Fig. 2.23. Furthermore, the frequency corresponding to point g
is the same as that for point e in Fig. 2.23.

(b) For a displacement pulse with complete recovery, the displacement
U along line be 1s given by the right-hand member of Eq. 2.44, and for a
displacement pulse with partial recovery, it is given by Bq. 2.45.

(c) Along line cd, the displacement U may be approximated by the
equation

, Ye
U e Y, [1.5 - 0.5 y—} (2-“'7)
(o]

() Along de, the relative pseudo-velocity V is equal to 1.5 times
the sum of the absolute values of the maxirum and minimum ground velocities.
This relationship is the same as that between the response acceleration A and
the input acceleration for line cd in Fig. 2.23. If the velocity of the
ground is known accurately and the deformetion spectra corresponding to the
component pulses of the velocity function are available, then an improved
estimate of this maximm value of V may be obtained in a manner analogous to

that described in Section 2.8.

(e) Along line ef, the acceleration A 1s proportional to the
maximm input acceleration, the ratio of proportionality depending on the
degree of regularity of the input function. If the durations for the indivi-
dual pulses of the ground acceleration are approximately equal to each other,
then the value of A along this line may be determined from the expression
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n
A, =15 Z 155, | (2.48)

=1
vhere (?o) p is the amplitude of the jth half-cycle, and n is the number of
half-cycles present. If the amplitudes of the individual pulses are of the
same order of magnitude but their durations differ appreciably, then the result
obtained from this equation may be quite conservative. If the deformation
spectra for the component pulses are available, an improved estimate of Ao Day
be obtained by the procedure described in Section 2.8.

(f£) The frequency corresponding to point f is determined from

1,a
acceleration half-cycles contributing over fifty percent of the value of Ao.

Eq. 2.41, where ¢ should be interpreted as the aversage duration of the
2

The curve fg is similar to the curve de in Fig. 2.23.

(g) The transition curves represented by the dotted line are tangent
to the corresponding straight line segments at points b, 1, § and f. TFrequently,
the lengths of the straight line segments between b and f are small, and the
transition curves can be drawn without having to evaluate the location of
points 1 and J. When this is not the case, the frequency corresponding to

point i may be determined from the following expression, obtained dy analogy to

Eq. 2.40b,
£ =04 %o (2.48x)
td - O. ’y—"; . > 4

and the frequency corresponding to point J, may be determined from the expression

t) 2% 0.6 (2.49)

vhere t is the duration of the velocity half-cycle with the maximm amplitude.

1,v
Strictly speaking, Eq. 2.40b is applicable only to displacement pulses with
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complete recovery, but, for want of any better information, it may also be
used for pulses with partial recovery. It shoild be noted that points 1 and
J, vhich are analogous to points h and 4 in Fig. 2.23, should be vithin the
limits of the lines cd and de, as shown in the figure.

2.11 Deformation ctra for Undamped Systems Subjected to Full-Cycle
Displacement ses

For thc typical full-cycle displacement pulse showm in Fig. 2.29,
let (yo)1 and (yc)2 denote the mmerical values of the first and second
extremms, and (to)l and (1;‘:,)2 denote the corresponding times. In addition,
let td denote the total duration of the function, and tl ‘and t.z denote the
durations of ‘the first and the second half-cycles.

2.11.1 Low Frequency Systems. As previously explained, in the

interval 0 <t < td the time history of the deformation for systems with small
values of tdfnq be taken equal and opposite to that of the ground. Accord~
ingly, the first extremm value of the deformationm, (“o)l , vill occur at
ts (to)l, and will be given by the expression

(u,); = - (¥,), (2.50)
The second extremm, (“0)2’ will occur at t = (t")2 and vill dbe given by
the expression

(u), = (v,), ~ (2.51s)

Eq. (2.51a) 1s valid for very soft systems, or more precisely, for
values of t,f —= 0. For somevhat stiffer systems, a better estimate of (u°)2
may be obtained from the expression
(u), = Bty (v,,); sin [B(t,),) + (7.), (2.51p)

vhere, for values of p(t ), greater than x/2, the term sin[p(t,),] should be
taken as one. The quantity (y, ), in this equation denotes the average value
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of the displacement between t = O and t = t,, and the term involving (ym)l
represents the simple impulse theory approximation to the contribution of the
first pulse.

The third extremum value of the deformation, (\.\0)3 » occurs during
free vibration. For a displacement function for which the areas under the
positive and negative parts are equal, the value of this extremum is given by
the following expression which, by virtue of the similarity of Eqs. 2.3 and.
2.4, may be obtained directly from Eq. 2.38b by replacing ¥(7T) by pay( 1)

ta

(a)sl < 22 [ 9 vas (2.52)
0

The absolute maximm value of the deformation, U, i3 the numerically
greatest of the values given by Egs. 2.50, 2.51b and 2.52. When (y°)2 > (yo)l,
the second extremum is numerically greater than the first, and Eq. 2.50 need
not be considered if only the absolute maximum velue of the deformation is

required.
2.11.2 Presentation and Discussion of Data. In Fig. 2.30 is given

the deformation spectrum corresponding to a full-cycle displacement function
which i1s identical in shape to the velocity diegram of the half-cycle displacement
pulse considered in Fig. 2.24. In the extreme left-hand portion of the figure,
the first three extrerum values of the deformation are shown separately, along
with the corresponding results obtained from the approximate equations of the
preceding section. Similar information is presented in Figs. 2.3la through

2.32 for a family of displacement functions composed of a sequence of two half-

sine vaves. These functions are identical to the velocity diagrams considered
in Figs. 2.25a through 2.26.



The following results are worth noting:

(a) For low-frequency systems, the results obtained by the
approximate equations are in reasonable agreement with the exact values.

(b) The magnitude and location of the absolute maximum deformation
Uo for the spectrum presented in Fig. 2.30 are identical to those of Vo for
the spectrum presented in Fig. 2.24. This result is a consequence of the
analogy expressed by the first two terms in Eq. 2.17. The same is also true of
the coordinates of U_ in Figs. 2.3ls through 3.32 and the coordinates of v,
of the corresponding spectra in Figs. 2.25a and 2.26,

(¢) The coordinates of the absolute maximum pseudo-velocity, Vo
for the spectra in Figs. 2.30 through 2.32 are identical to, or approximately
equal to, the coordinates of the absolute maximm pseudo-acceleration, Ao , of
the corresponding spectra in Figs. 2.24 through 2.26. The approximation in
this case arises from the fact that these maxima generally do not occur during
free vibration, and the analogy expressed by the last two terms in Eq. 2.17 1is
not strictly applicable.

(d) In contrast to the spectrum in Fig.‘ 2.30 which at high frequencies
approaches a diagonal asymptote, the spectra in Figs. 2.31 and 2.32 approach
a horizontal asymptote. This difference can best be explained by reference to
the acceleration diagrams of the ground motion. In Fig. 2.30 the acceleration
function has finite discontinuities, and the limiting value of the deformation
spectrum is A/io = 3.0, as might have been predicted by the procedure presented
in Section 2.7.2b. On the other hand, the curves in Figs. 2.31 and 2.32
approach a horizontal asymptote because the velocity diagram of the input motion
is discontinuous, i.e. the acceleration function has infinite discontinuities.
If both the ground velocity and the ground acceleration were continuous, the

limiting value of A would have been equal to the maximmm ground acceleration.
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2.11.3 Design Rules. On the basis of the information presented, it

is concluded that the response spectrum for a full-cycle displacement function
may be approximated by the diagram shown in Fig. 2.33. Both the displacement
function and its first two derivatives are assumed to be continuous.

Along the straight line aa', the displacement U is equal to the first
maximm ground displacement. Curve a‘'db is defined by Eq. 2.51b, and point b
is the intersection of this curve and the curve represented by the right hand
member of Eq. 2.52. Along the straight line cd, the displacement U is equal
to 1.5 times the sum of the absolute values of the maximum ground displacements.
Point 1, vhich is equivalent to point J in Fig. 2.28, corresponds to &
frequency determined from the expression

tl, af Z 0.6 (2.53)

vhere tl a is the duration of the displacement pulse with the maximmm ampli-
’
tude. This point should lie to the left of point d. The velocity V along the

horizontal line de may dbe approximated by the expression

VelsS z 1Gy),l (2.54)
=1
If the deformation spectra corresponding to the component velocity pulses are
available, a more accurate estimate of V may be obtained with the aid of the
procedure descridbed in Section 2.8. The remaining features of this spectrum
are similar to those of the spectrum given in Fig. 2.28.

2.12 Relationship of Computed Results to Field Test Data
The approximate rules presented in the preceding section are substan-

tiated by the results of the field tests analyzed in Ref. 1. Included in this
- reference are response spectra for syst)m with a very small amount of damping
(0.5 percent critical) subjected to the horizontal and vertical components of
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the ground motions measured in a number of field tests. These spec.tra are

given in dimensionless plots similar to those used in the present study. The
relative pseudo-velocity V is normalized with respect to the so-called "velocity
Jump" which may be considered to be equal to the maximum ground velocity, and
the frequency scale is taken as the product of the natural frequency of the
system and the "duration”" of the velocity pulse. The latter quantity is taken
as thé time from arrival of the velocity jump to th? first zero value of the
ground velocity.

Three classes of spectra are distinguighed in Ref. 1 depending on
the direction of the motion and the distance of the point under consideration
from ground zero. These correspond to:

l. Vertical motions in the superseismic region of the blast.

2. Vertical motions in the subseismic region of the dlast, and

3. Horizontal motions in general.

From the discussion in Section 2.6 it follows that the spectra in
Item 1 should be compared with those for half-cycle velocity pulses, and the

spectra of Item 2 should be compared with those for half-cycle displacement

pulses or for displacement pulses with partial recovery. Finally, the spectra
in Item 3 should be compared with those for half-cycle displacement pulses and
possibly for displacement pulses having both positive and negative parts. On
making these comparisons, one finds that the agreement between corresponding
spectra is in general very good. |

The important features of the spectra given in Ref. 1 are as follovs.
For vertical motions in the superseismic region of the blast, the values of
U are consistently smaller than the meximm ground displacement, and the maxi-
mm value of V 1s about 1.5 times the maximum ground velocity. It is parti:
cularly noteworthy that, in the regions of the spectrum wvhere U or V may be
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considered to be constant, the results fall within a very narrow band, vhereas
for the high-frequency region of the diagram the "scatter" is considersable.
These trends correspond almost exactly to those of the spectra for half-cycle
velocity pulses presented in Section 2.9, as may readily be appreciated by
referring to Figs. 2.18 or 2.22c. The "scatter™ in the high frequency range
emphasizes the difficulties involved in specifying precisely the value of the
maximum ground acceleration. The value of tdf corresponding to the peak value
of the spectra in Ref. 1 ranges between a value of 1 and 3, from which it may
be inferred that the dominant velocity pulse of the ground is highly unsymmetrical.
For vertical motions in the subseismic regions of the blast and for
horizontal motions in general, the maximm values of U in Ref. 1 range from
1.5 to slightly more than 2 times the maximm input displacement, the greater
values corresponding to horizontal motions. The maximm values of V lie
between 2 and 2.5 times the maximm ground velocity for motions in the vertical

direction, and between 2 and 2.8 for horizontal motions.

2.13 Deformation Spectra for Damped Systems

In Figs. 2.34 through 2.43b are given deformation spectra for damped
systems with coefficients of viscous damping between zero and 100 percent
critical for the following classes of ground motion:

(a) A family of skeved versed-sine velocity pulses with rise-

duration ratios o 1/2, 1/4 and 1/8 (Figs. 2.34 through 2.36)
(b) The folloving half-cycle displacement pulses: A pulse for
vhich the acceleration diagram consists of a sequence of three
half-sine vaves of the same amplitude but different durations
(Fig. 2.37), a family of displacement pulses having the shape
of the velocity pulses considered under item (a) (Figs. 2.38
through 2.40), and & half-sine displacement pulse (Fig. 2.41).
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(c) The following full-cycle displacement functions: A displacement
function having the shape of the velocity diagram for the first
motion considered under item (v) (Fig. 2.42), and two functions
composed of a sequence of two half-sine wvaves each (Figs. 2.43%a
and 2.43b).

It can clearly be seen from these figures that the overall effect

of damping is to reduce the magnitude of the maximum deformations, and to
smooth out the humps and undulations of the spectra. It is also clear that
the extent of the reduction is generally different for the different frequency
regions, and that, within a given range of frequencies, it is different for
the different ground motions.

For the simple pulses considered, the effectiveness of damping in
reducing the magnitude of the maximm deformation can be related to:

(a) the number of oscillations that the system undergoes before

attaining its maximm deformation, and

(b) the amplitude of the oscillatory component of the response.

The latter component corresponds to the solution of the homogeneous part of
the governing differential equation of motion.

In general, other things being equal, the greater the number of
oscillations or the amplitude of the oscillatory component, the greater is the
reduction achieved with a given amount of damping.

In the low-frequency region of the spectrum, the effectiveness of
damping is generally small because the maximun value of the deformation is
reached at a small fraction of the natural period of the system. Since the
maximm deformation in this region occurs at or near the instant that the ground
displacement attains its maximum value, it follows that in comparing the spectra
for the different ground motions considered, the comparisons should be made for

fixed values of tr,dt’ vhere tr a is the rise time to the peak ground displacement.
’
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Fig. 2.36 shows that, for small values of the frequency parameter,
damping has a greater effect on the maximm positive deformations than on the
corresponding negative deformations. This condition arises from the fact that
Wetn corresponds to the first extremnm, vhereas | corresponds to the second.
Similar results are indicated in Fig. 2.40 for a versed-sine displacement pulse,
but in this case the reduction for Yoax is comparatively less pronounced than
in the preceding case. This difference can again be explained in terms of the
times at vhich the respective maxima occur. For the versed-sine velocity pulse
considered in Fig. 2.36, Upax OCCUrs spproximately at one-half the natural
period of the system after the time of maximmm ground displacement, vhereas for
the versed-sine displacement pulse considered in Fig. 2.40, 1t occurs at one-
quarter the natural period of the system. These values were noted before in
connection vith undamped systems.

In ths high-frequency region of the spectrum, the effect of damping
depends on the amplitude of the oscillatory component of the motion, and this
smplitude depends, in turn, on vhether the ground acceleration is a contimuous
or a discontinuous function. For the input functions considered in Figs. 2.34
through 2.37, for which the ground acceleration is continwous, ths effect of
dsmping can be seen t0 de negligible. In contrast, for the pulses considered
in Figs. 2.38 through 2.%0, for which the ground acceleration is discontinmuous,
the maximm reductions achieved are of the order of 50 percent for values of
fp = 1.00. The reductions for a given smount of dsmping are even grester for
the full-cycle displacement pulse considered in Fig. 2.42. For the pulses in
Pigs. 2.38 through 2.40, the absolute maximm value of the deformation corresponds
%o the first extremum value, and it may be approximated by the following
expression, vhich is spplicedle to a step acceleration function of long durstion,
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A= [1 + exp( - —£— :)] A (2.55)
This equation is valid for values of f less than one. Note that its first
term, which corresponds to the particular solution of the governing daifferential
equation of motion, is independent of damping and equals the maximum input
acceleration. Equation 2.55 is also applicadble to the full-cycle displacement
pulse considered in Fig. 2.42, provided the amount of damping in the system is
sufficiently large such that the first extremm value of deformation represents
the absolute maximm deformation. The results presented indicate that this
condition holds trus for values of P equal to or greater than about 0.05.

In the high frequency region of Pig. 2.40, it is of interest to note
that, vhereas for undamped and for critically damped systems, “inx and “iin
are numerically equal to each other, for systems vith p = 0.20,-:1_:'.n is
pumerically greater than L This result can de expiained with reference
to Fig. 2.10e vhich shows the input acceleration together with the response
acceleration for a high frequency undamped system. It can be seen that the
first maximm positive acceleration (corresponding to “iin) occurs at a very
early stage of the motion, whereas the first maximm negative acceieration
(corresponding to “hnx) occurs near the middle of the pulse, after the system
has executed several cycles of oscillation. Although for an undamped system
these tvo maximea are numerically equal, for a system vith damping Y 4y 8OVerns
because it occurs earlier than Y For a critically damped system, the two
maxime are nearly the same because the oscillatory component of the deformation
s negligible in this case, and the remaining component, vhich is proportional
to the input acceleration, hes the same positive and negative parts.

For the displacement pulses considered in Figs. 2.43a and 2.4%b, the
maximm deformation of a high-frequency undsmped system occurs mostly during
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free wibration, following the second discontinuity in the velocity diagraa.

For a system vith a substantial amount of damping, however, the oscillatory
component of the motion induced by the first discontinuity is generally damped
out by the time the second discontinuity is applied, with the result that the
maximm deformation during free vibration is no langer than that attained
during forced vibration. Under these circumstances, the maximm deformation of
the system can be approximated by the following expression that gives the effect
of a sudden velocity change without rebound. The equation is valid for values

ofp <1,
.. 2
;n..x,[-_-a_ ‘ot Lo ] (2.56)
0 L& 8

" The results obtained from this equation are found to be in good agreement with

the exact results for systems with values of t'l

values of f greater than about 0.10. For smaller values of £, Bq. 2.56 defines

£ greater than about 2 and

the lower envelope of the response spectra.

Excepting ground motions for vhich the acceleration and/or velocity
diagrams are discontinuous, it can be said that the effect of damping ie
greatest in the medium-frequency region of the spectrum, both because the
amplitude of the oscillatory component of the response is appreciable in this
case and because the maximum deformation of the undamped system is usually
attained near the end of the disturbance, after the system has undergone one
or mors cycles of oscillation. Por this region, the greater the periodicity
of the input motion, the greater is the reduction in the peak value of
deformation achieved vith a given amount of damping. Of course, the response
of the elastic system increases with incresasing periodicity of the input motion.
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These conditions are illustrated in Pigs. 2.4la through 2.44d where
deformation spectra are presented for systems spbjected to velocity functions
composed of from one to four parabolic pulses of equal amplitude and duration,
as showvn in the inset diagrams. HNote that, whereas the peak values of the
undamped spectrea increase in almost direct proportion to the number of velocity
pulses in the input motion, the corresponding values of the spectra for highly
dazped systems remain virtually unchanged. HNote, in particular, that the
curves in Figs. 2.44b through 2.44d4 are almost identical to each other for
values of B > 0.5. In these cases, the order of the controlling maximum is
the same, and it corresponds to an early, usually the first or second, maximum.
It should finally be noted that the peak values of U, V and A for elastic

systems are hz good agreement with the spproximate rules that have been presented.

2.14 Deformation Spectra for a Combination of Simple Pulses

The information in this section is intended to illustrate the
mamner in vhich the deformation spectra for simple pulses presented in the
preceding sections may be modified by the effect of high frequency oscillations
that may be superimposed on the main pulses. The procedure used to arrive at
this information is spproximate, and the results are mainly of qualitative
significance.

Let Vl and V2 denote the values of the pseudo-velocity corresponding
to the primary and the secondary pulse of the ground motion, respectively, and
let V be the corresponding value for the combined pulse. The value of V may
then be determined by a procedure analogous to that presented in Section 2.8,
or more simply by taking the sum of the maximum contributions of the component
pulses, ‘1.0.

VvV +V, (2.57)
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That the value of V determined from this equation may be considerably greater
than the actual value, may be appreciated by noting that Eq. 2.57 is independent
of the relative position of the component pulses.

In Figs. 2.45a and 2.45D0 are given deformation spectra determined by
application of Eq. 2.57 for a combination of two verud-nine velocity pulses,
as shown in the inset diagrams. The quantities 8 and s, in these figures
denote the maximum accelerations of the primary and the secondary pulse,
respectively, and vy and AP denote the corresponding maximum velocities. The
total duration of the primary pulse is denoted by ¢ a’
pulse by ta. In these figures, both the frequency parsmeter used as abscissa

and that of the secondary

and the response quantities are normalized with respect to the relevant dimensions
of the primary pulse.

Figure 2.44ka 1llustrates the method of computation for a combination
of versed-since pulses vith ta.l"d = 0.1 and "2/'1 = 0.5. The ratio of the maxi-
mum accelerations ‘2/‘1 is given by the equation

2.2%
LY ¥

-4 |~<

and corresponds to a value of 5. The dashed line curve on the left shows the
spectrum Vl for the primary pulse. The corresponding curve on the right is the
ssme &s V, but displaced along the frequency axis by the smount tg/tg' The
solid line, representing the spectrum for the combined pulse, is obtained by
adding to the ordinates of the Vl curve the ordinates of the displaced curve
multiplied by the ratio v,/v,.

The spectrs in Pig. 2.45d are for pulses vith different combinations
of t,/t, aad v,/v), a8 shown in the figure. It cen clesrly be seen from these
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plots that the secondary pulse has practically no effect on the loj-freqnency
region of the spectrﬁm. This result might have been anticipated from the
material presented previously, since the maximum displacement of the ground,
wvhich controls the maximum deformation of low-frequency systems, it practically
unaffected by the high-amplitude high-frequency acceleration pulses considered
in these examples.

On the other hand, the high-frequency region of the spectrum is
influenced to a very significant degree by the superimposed oscillation, since
the magnitude of the maximum input acceleration, which controls the response in
this case, is increased significantly. In each case, the limiting value of A
becomes equal to the maximum possible value of the acceleration of the combined
pulse, Y f ‘2'

In the intermediate range of frequencies, the spectrum for the primary
pulse is modified in two significant respects: 4t becomes wider, and a second
peak appears at the frequency corresponding to the peak of the displaced curve.
In addition, the peak value of the spectrum for the main pulse is increased, but
this change is relatively small for the range of parameters considered. From a
consideration of the manner in which the spectrum for the combined pulse is
obtained, it should be clear that, other things being equal, the distance between
peaks vill increase with decreasing value of i,/*,, the level of the second
peak vill increase with increasing value of '2/V1’ and the increase in the peak
value of the spectrum for the primary pulse will be less significant for highly
peaked spectra than for spectra having a flat top.

The trend referred to in the last statement cen be seen in Mig. 2.46
vhich includes deformation spectra for a combination of two full-cycle sinusoidal
velocity pulses. Note that, for the same values of the parsmetsrs, the percen-

tage idncrease in the peak value of the spectrum for the primary pulse is smaller
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in this figure than for the spectrum given in Fig. 2.45b. The one additional
difference between the sets of curves given in the two figures is that in
Fig. 2.46 the limiting value of A at high frequencies is 2(;1 + a2) instead of
8 +a, This difference is a consequence of the discontinuities in the input
acceleration function.

| If the secondary component of the input function has several pulses
of nearly equal amplitudes but different durations, the spectrum for the combined
motion would exhibit several peaks corresponding to the peaks of the component
spectra.

Finally, the general shape of the curves presented in Pigs. 2.45b and

2.46 emphasize that the middle region of the spectrum for a combination of pulses
cannot be determined on the basis of the maximum values alone of the input
velocity and acceleration functions, but that proper regard should also be given
to the detailed features of these functions. In particular, the results obtained
mey be quite conservative if the middle region of the spectrum is approximated
by & horizontal line and a disgonal line of constant value of A, as was recommended
for the case of simple pulses. However, such errors are likely to be important
only vhen ‘2/'1 is large and v2/v1 18 small, that is when the secondary
acceleration pulses are of very high amplitude and short duration.

2.15 Deformation Spectra for Systems Subjected to Earthquake Motions
2.15.1 General. It is shown in this section that the significant

features of the deformation spectra corresponding to ground motions even of the
complexity of those induced by strong motion earthquakes can be estimated with
reasonable accuracy from the information for simple pulses that has been
presented in the preceding sections. To accomplish this, the acceleration,
velocity and displacement of the ground must be known as & function of time.

2-58



The left-hand portion of the spectrum may then be estimated from the
characteristics of the displacement function, the middle portion may be
estimated from the characteristics of the velocity function, and the right-bhand
portion may be estimated from the characteristics of the acceleration function.

The input motions considered in this study include the nearly north-
south component of the ground motion recorded during the Eureka, California
earthquake of 21 December 1954, and the north-south component of the record
obtained during the El Centro, California earthquake of May 18, 1940. The
time histories of the acceleration, velocity, and displacement for these motions
are shown in Figs. 2.47 and 2.48. The maximum absolute value of an input func-
tion will be identified with the subscript o, and the subscript o,p will be
used for maximum value of the dominant wave in the primary component of that
function. The recorded accelerograms vere approximated by a series of straight
line segments, and the velocity and displacement histories were determined by
numerical integration. The base line of the accelerograms was adjusted so that
the resulting velocity diagram oscillated about the zero line, and certain
minor adjustments were made at the beginning of the records to account for
uncertainties regarding the time of initiation of the shock.
l 2.15.2 Presentation of Data. The deformation spectra corresponding
to these records are given in Figs. 2.49 and 2.51 for systems with coefficients
of damping in the range between zero and 40 percent critical. In:.addition,
the times of occurrence of these maxima, to’ are plotted in Figs. 2.50 and 2.52
a8 a function of frequency. The data used to prepare these plots are tabulated
in Appendix A along with the maximum values of the quantities u, U, x, % end
X, and their associated times of occurrence.

Each of the curves was established with 22 data podnts. For the

El Centro record, some additional solutions were obtained for systems with
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p = 0.02, to evaluate the detailed features of the spectra. These resulis are
presented in Fig. 2.53, in vhich the solutions used earlier are represeated by
open circles and the additional solutions are shown in solid circles. It can
be seen that the data points corresponding to the coarse frequency interval
define with reasonable accuracy the salient features of the actual spectra.
The accuracy should be still better for systems having more than 2 percent
critical damping, since the irregularities of the spectra generally decrease
vith increasing damping.

There are striking similarities between the spectra presented in
these figures and many of the spectra for simple pulses presented earlier.
Specifically, at lov frequencies, the deformation U spproaches the maximum
ground displecement, Yoi at high frequencies, the acceleration A spproaches
the maximm value of tke ground acceleration, 'y’os at the intermediate fre-
quency range, the pseudo-velocity is nearly constant; and the maximum values of
U and A occur to the left and to the right of this intermediate nearly flat
region. (The magnitudes of these maxima will be considered later.) Furthermore,
a8 wuld be expected from the data and the discussion presented earlier for
simple pulse-like inputs with continuous acceleration diagrems, the effect of
demping is most pronounced in the intermediate frequency range and is practically
negligible at very lov and at very high frequencies.

The one major difference between the results presented in this
section and those given earlier concerns the reduction in the value of the
maximum response obtained with 2 percent critical daxping. Whereas the reduc-
tion achieved is practically negligible for the simple pulses, for the earth-
quake motions it is quite significant, particularly in the region of the spectrum
vhere A attains its maximm value. This difference is due to the secondary,
high frequency component of the earthquake motion, which, because of its nearly
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periodic character, produces an almost resonsat condition. The effectiveness
of damping under such a condition is known to be grest ard to increase vith
incressing duration of the excitation. The resulting reduction in response
would be expected to be particularly pronounced in the case of the El Centro
record wdich is of longer duration and for which the high frequency components
have greater amplitudes and occupy & greater portion of the record than for the
Eureka reéord. This prediction is substantiated by the curves presented in
Fig. 2.50 and 2.52 which shov that, for systems vithout damping, the maximum
deformation occurs near the end of the record, vhile for systems with as little
as 2 percent critical damping it occurs at e much earlier time. For exssple,
. for the El Centro record, the values of A and the associated times of occurrence

for systems with £ = 20 cps are as follows:

P % A
secC. %
0.02 9.6 1.29
0.05 9.6 1.11
0.1 2.1 1.03
0.2 2.1 1.03
0.4 2.1 1.02

Because of this difference in the response of completely undsmped
systems to the two forms of excitation, and in view of the fact that all physical
systems have some smount of damping, the earthquake spectra for p = 0.02 will
be used as a basis of comparison, and, unless othervise noted, they will de con-
sidered to be comparable to the undamped spectra for simple pulses.

In the computation of the effects of the earthquake motions, if only
the portion of ths record betwean the origin and time to had been considered,
the computed value of the maximum respouse would obviously have been the seme.
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It is important to note that, even for systems having as little as 2 percent
ceritical damping, the portion of the record vhich controls the maximum deformation
is a swall fraction of the total duration of the record.

2.15.3 Relationship Between Characteristics of Input Motions and
Response Spectra. For the ground record corresponding to the Eureka quake, it

can be clearly seen from Fig. 2.47 that the most significant portion of the
motion extends from about 2.5 to T seconds, and this portion may be expected to
control the response of systems with damping. That this is indeed the case can
be seen from Fig. 2.50 vhich shows that, with minor exceptions, the maximum
deformation of systems with as little as 2 percent critical damping generally
occurs at less than 7 seconds.

The dominant portions of the velocity and displacement diagrams for
the Eureka shock are reproduced in Fig. 2.54a in solid lines. Superimposed on
these as dashed line curves are vhat are considered to be the primary components
of the motions.

In the displacement trace, the dominent yave is a skewed half-sine
pulse wvith an amplitude, yo,p’ slightly less than the maximum ground displacement,
Yo? and a duration of about 3.3 seconds, as shown in the figure. On the basis
of this information, the left-hand region of the spectrum would be expected to
be similar to the corresponding regions of the spectra shown in Fig. 2.26, with
the value of U being equal to the maximum ground displacement for frequencies
determined from the equation

tf<-LLL ( 2.46)
a 2"“ see Eq. 2.

and with the frequency corresponding to the maximum value of U determined from
Bq. 2.48x. These frequenctes are
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<—]=-l§-;- = 0.076 cps
and

£ =25 (0.4) 5 = 0.19 cps

respectively, and agree well with the actual data given in Fig. 2.49.
For § = 0.02, the absclute value of U is Uo = 1.32 yo, vhich considering

that yo, < 0.9 Yor becomes

P

U =1.5 yo’

o p

This value coincides with the value cotained from the design spectrum presented
in Fig. 2.28,

The primary component of the velocity trace is a full-cycle pulse
with an amplitude of about 0.7 ;'ro and an average duration of about 1.8 secs.
for each half-cycle. The total duration of the three major pulses in the
superimposed secondary component is about 1.8 secs., as shovn in the figure.
The middle region of the spectrum would therefore be expected to exhibit two
major peaks. The one cgrresponding to the primary pulse would be expected
approximately at a frequency determined from Eq. 2.49, or at

£ =0.6/1.8 = 0.33 cps,

and the second peak would be expected at a frequency
£ 2 0.6/0.6 = 1 cps

These results are also in good agreement with the data given in Fig. 2.49,
vhere it is worth noting that the absolute maximum value of V for = 0.02
occurs at 0.08 cps, and not at the frequency for vhich the curve for g = 0

attains its maximum value.
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The magnitude of the maximum emplification factor for V in the middle
region of the spectrum is somewhat smaller than the value of 3 which one might
be temped to assume on the basis of the full-cycle velocity pulse that dominates
the ground motion. This apparent discrepancy i1s due to the fact that V has
been normalized with respect to S’o instead of the maximum value of the primary

component of the velocity, ¥y < 0.7 ;'ro.

o,p

Because of the nearly erratic character of the ground acceleration
diagram, the magnitude of the maximum value of A cannot be estimated reliably.
However, the significant features of the high-frequency portion of the spectrum,
including the location of the maximum value of A, can still be related to the
dominant features of the input acceleration.

For example, considering that the average duration of the most intense
pulses in the acceleration trace of the motion is of the order of 0.3 secs.,

the peak value of A would be estimated to occur at a frequency
£ = 0.6/0.3 = 2 cps.

Furthermore, since the rise time for the pulse corresponding to the maximum
input acceleration is less than one-helf its duration, the frequency beyond
vhich A may be considered to be equal to the maximum ground acceleration is

estimated from Eq. 2.30 to be grester than
£ = 1.25/0.15 = 8.3 cps .

These results are again in good agreement with the actual dath for systems
vith g = 0.02.

Referring nov to the El Centro earthquake records given in Fig. 2.48,
one observes that the most intense waves wvhich can be expected to control the
response are concentrated in the first 6 seconds of the acceleration and

velocity records, and in the first 10 seconds of the displecement record. The
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primary components of the waves in the early portions of the velocity and
displacement records are shown in dashed lines in Fig. 2.5Lb.

The dominant displacement wave is approximately a half-sine pulse
with an amplitude nearly equal to the maximum ground displacement and an
effective duration of about 6.1 seconds. Superimposed on this, there is a
secondary full-cycle wave of smaller amplitude and duration of about 2.2 sec.,
a8 shown in the diagram.

Considering only the contribution of the primary wave, the value of
U would be expected to0 be equal to the maximum ground displacement for a range
of frequencies determined from Eq. 2.46, i.es,

l 1 x
f<ﬁ§;§=0.0h cps

and the maximum value of U would be expected to occur (see Eq. 2.48x) at
£z Eéi (0.4) 5 = 0.10 cps

In addition, a second maximum, corresponding to the effect of the superimposed
full-cycle wave and of the wave preceding the primary pulse would be expected

roughly at the average frequency of these waves, or at
£ =1/2.65 = 0.38 cps

Excepting the fact that the computed value of U at £ = 0.0k cps is 33 percent
greater than the estimated value of Yy these results are in excellent agreement
vith those given in Fig. 2.53.

0f the two peak values of U, the one corresponding to the lower
frequency has a magnitude of 2.06 Yo+ &8 shown in Fig. 2.53. The difference
between this value and the value of 1.7 Yo reported earlier for a balf-sine
displacement pulse is due mainly to the neglected effects of the secondary wvave

and of the wave preceding the major pulse, both of vhich tend t0 increase the

2-65



response. The fact that the maximum deformation occurs near the end of the
record suggests further than the contribution of the waves following the main
pulse is not entirely negligible, although it is expected to be quite small.

The maximum possible contribution of the wave preceding the main pulse may be
considered to be appx;;)ximately equal to the amplitude of the residual oscillation
induced by a full-cycle sinusoidal wave with-a duration of 3.1 sec. and an
amplitude of > inches. For a system with a natural frequency f = 0.10 cps,

this amplitude is determined from Eq. 2.52 as 1.8 in., or 0.22 Y,

The most significant part of the primary component of the ground
velocity is shown approximately by the dashed line in the upper disgram of
Fig. 2.54b.. It consists of a sequence of five half-cycle waves the amplitudes
and durations of which are as indicated. The amplitudes of the major waves in
the nearly periodic, secondary component are from about 0.5 to 1.0 times the
peak amplitude of the primary components and their average period is about 0.7
seconds.

The middle region of the deformation spectrum would, therefore, be
expected to have the general appearance of the deshed-dotted line curve shown
in Fig. 2.46 with the exception that the two peaks of this curve should be
closer to each other. The peak agsociated with the primary waves would be
expected to occur at a frequency determined from Eq. 2.49, with the quantity
tl, a taken as the duration of the third wvave which, because of its shape and
amplitude, is believed to be the dominant one. This frequency is

f £0.6/1.5 = 0.4 cps . (2.58)
Because of the nearly periodic character of the waves in the secondary component
of the velocity disgram, the second peak would be expected at a frequency close
to the average frequency of these waves, or at

£21/0.7 = 1.4 cps .

2-66



These results are in good agreement with the exact values shown in Fig. 2.53.
The magnitude of the first peak value of V would be estimated from
the expression

vV 21.5(25.1) + 0.7 (10.6) = 45 in/sec. (2.59)

where the first term on the right-hand member gives the contribution of the

first four waves in accordance with Eq. 2.54, and the second term represents

a liberal estimate of the contribution of the fifth wave. The amplification
factor of 1.5 is not appropriate for the latter wave, because its duration is

only 0.6/1.5 times that of the most dominant pulse. The factor 0.7 was determined
from the spectrum for a versed-sine velocity pulse given in Fig. 2.1Ta by taking

the ordinate of the curve at a value of t.f = 0.6(0.4) = 0.24, where 0.4 cps

d
represents the frequency determined in Eq. 2.58.

The value of V given in Eq. 2.59 may be expected to represent an
upper bound to the effect of the primary velocity component for systems with
g = 0.02. Becfuse of the nearly periodic nature of the input velocity. function,
the possible reduction due to 2 percent critical damping, although small, is
not entirely negligible in this case. On the other hand, this reduction will
be partially compensated by the increase due to the effect of the secondary
wave. Accordingly, the estimated value should be directly comparable to the

first maximum value of V in Fig. 2.53, which is

V = 3,30(13.7) = 45.2 in/sec.
Referring now to the ground acceleration diagram presented in
Fig. 2.48 it is noted that the most intense pulses are concentrated in the
region between two and three seconds and that there are four half-cycle pulses
of nearly equal amplitude and an average duration of about 0.15 sec. each.
This information suggests that the peak value of A would be controlled by this

portion of the diagram and that it will occur epproximately at s frequency
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of sbout 0.6/0.15 = 4 seconds. Purthermore, the presence of several high
intensity acceleration pulses of both shorter and greater durations suggests

that the value of A would be close to its maximum value for a fairly wide range
-0f natural frequencies. These trends are substantiated byl the actual data
presented in Figs. 2.51 and 2.53. That the response of a system having a natural
frequency of the order of 4 cps is indeed controlled by the high intensity
portion of the ground acceleration diagrsm can clearly be seen from the dashed
line curve in Fig. 2.53, vhich shows that the majority of the data points in

the frequency range between 2 and 5 seconds correspond to a value of to < 2.7
seconds.

Concerning the magnitude of the peak value of A, it can only be noted
that the computed value for an undamped system is about 9.3 'y’o , for a system
with B = 0.02 it 1s 4.3 yo, and for a system with B = 0.40 it is almost equal
to Yo.. It is particularly noteworthy that the entire right-hand portion of the
spectrum for f = 0.40 is represented almost exactly by the diagonal line
A= 3’0. This is also true of the corresponding spectrum for the Eureka quake
presented in Fig. 2.49.

Finally, noting that the shortest rise time for the four most intense
pulses in the acceleration diegram of the ground is of the order of 0.05 seconds,
it is concluded that, for damped systems, the response acceleration A should
be of the order of ';'ro for values of f greater than 20 cps. The fact that the
value of A for £ = 10 cps and £ = 0.02 is almost twvice as great as the maximum
ground acceleration should not be surprising, therefore.

It should perhaps be emphasized that what has been referred to as
"predicted” or "estimated" data was arrived at after the response spectra were
evaluated. However, the degree of agreement achieved and the straight-

forvardness of the procedure used to arrive at these resilts illustrate clearly
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the intimate relationship that exists between the response spectra for simple
pulses and those for complex earthquake motions, and should leave but little
doubt about the possibility of determining these spectra with reasonable
accuracy from the gross characteristics of the acceleration, velocity and
displacement recordﬁ of the motion.

In Figs. 2.55 and 2.56 are given response spectra for the maximum
positive and the maximum negative deformations of systems with f§ = 0.02 and
B = 0.40 for the two earthquake motions considered. In general, the two sets
of curves are in good agreement between each other. The agreement is better in
the case of the El Centro motion because the positive abd negative parts of
the acceleration and velocity records of this motion are more nsarly balanced

sbout the zero line than are those of the records for the Eureks earthquake.

tra for Other Response Quantities

2.16.1 Spectra for Relative Velocity. For the class of ground motions

considered in this study, it has been shown in Section 2.4 that the relative
velocity U due to an input velocity function ia(t) is the same as the deformation
u produced by a displecement function yl(t) of the same shape. Each response
quantity is considered to be normalized with respect to the maximum value of

the corresponding input function.

It is desirable to plot the spectral values of U on u four-way
logarithmic plot similar to that used earlier, with the vertical and the
diagonsl scales representing the quantities pﬁ/yo, O/io and p20/'y’; , &8 shown
in part (b) of Fig. 2.5T. The resulting spectrum for a prescribed velocity
function will then be identical to the deformation spectrum corresponding to a
displacement function of the same shape. The spectra for U can, therefore, be
constructed spproximately by spplication of the design rules presented earlier.
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In particular, the ] spectrum for a half-cycle acceleration pulse may be
approximated by the diagram given in Fig. 2.23, and the corresponding spectra
for e half-cycle velocity pulse and a half-cycle displacement pulse (i.e. full
cycle velocity pulse) may be approximated by the diagrams given in Figs. 2.28
and 2.33, respectively.

In Figs. 2.58a:and 2.58b the relative velocity spectra for the
earthquaeke records are plotted in the form deséribed above for systems with
coefficients of damping between zero and 40 percent critical. The right-hand
diagonal scale is not shown because the values of 'Sr; for the input motions, are
not knowvn. The gpectra in Figs. 2.58a and 2.58b can also be interpreted as the
deformation spectra for ground motions the velocity diagrems of which have the
sanme shape as the acceleration diagrams of the Eureksa and the El1 Centro !artllx-
quakes, respectively. It is of interest to note in passing that the effect of
damping in the high-frequency regions of these spectra is considerably more
pronounced than for the corresponding deformation spectra given in Figs. 2.49
and Fig. 2.51. This difference is due to the discontinuous nature of the 'y
disgrams and might have been anticipated from the data given earlier.

2.16.2 Comparison of Pseudo-Velocity and True Relative Velocity.

In the field of earthquake engineering, the relative velocilty U has sometimes
used in lieu of the pseudo-velocity V. The degree of approximation involved in
replacing one quantity by the other has been investigated recently by Hudson
(Ref. 9) for three earthquake motions. The minimum velue of natural frequency
considered in this study was about 0.27 cps, and the maximum value ranged from
about 5 cps to 12 cps for the three records. In general, the values of V and ]
were found to be in close agreement between each other, but in some cases the

differences were of the order of 4O percent for systems with § = 0.20.
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This problem was also investigated in the present study considering
& wider range of natural frequencies than that used before. Both pulse-like
excitations and earthquake motions were considered. Fig. 2.59 shows the results
obtained for an undamped system subjectedto askewed versed-sine velocity pulse

with tl/t a - l/h. For values of t.f between 0.3 and 0.9 the two quantities are

4
identical because they both attain their maximum values during free vibration
vhen the system executes a simple harmonic motion and, consequently, U= pU =V,

In the low frequency region of the spectrum V is smaller than 0. A8 t .20 )

4
the deformation U— Yo? the relative velocity ﬁ——ia » but the pseudo-velocity
V = pU—0 by virtue of the fact that p+~ 0. In the high frequency region of
the spectrum, V is greater than fl, the difference between the two quantities
increasing with increasing frequency.

Similar plots are given in Figs. 2.60 for systems with 2 percent
critical demping subjected to the Eureksa and El Centro earthquake motions.
The striking similarities between these plots and those presented in Fig. 2.59
are further evidence of the intimate relationship that exists between the
spectra for pulse-like excitations and earthquake motions. The agreement
between the two quantities at high frequencies is better for the El Centro
motion because the dominant waves for this motion are of shorter duration, tl ’
than for the Eureka record, with the result that the frequency parameter tlf
is comparatively closer to the region where U and V may be considered to be the
same.

The effect of damping on the relationship between V and U is
11lustrated in Figs. 2.61a and 2.61b which should be self-explanatory.

2.16.3 Spectra for Sbsolute Acceleration. The absolute acceleration
.1'( for a system without damping is equal to the pseudo-acceleration A. Accordingly,
it may be determined directly from the right-hand disgonal scale §f the
deformation spectrum.
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As & measure of the error involved in taking X = A when p ¥ O, in
Fig. 2.62a the response spectra for these two quantities are compared for
systems with B = 0.20 and p = 1.00, and in Fig. 2.62b the ratio A/X is plotted
as a function of frequency for different velues of damping. The ground motion
in this comparison is a versed-sine velocity pulse. In Fig. 2.63 are given
similar results for systems subjected to the ground motions of the Eureka and
the El Centro earthquakes. As before, the salient features of the curves for
the simple pulses and the earthquake motions are the same. Even for large
amounts of damping, the quantities X and A are very nearly the same at high
frequencies. However, in the low frequency region, the differences between
the two quantities are appreciable for large values of B.

2.16.4 Spectra for Absolute Velocity and Absolute Displacement. It

is convenient to plot the spectra for these quantities on the four-way
logarithmic grid used previously, with the diagonal and vertical scales normalized
as shown in parts (c) and (d) of Fig. 2.57. In this figure the quantitiesl

[ f y(-r)d't;L and E j (f y(r)dr)dtL represent, respectively, the maximum values

of the first and the second integrals of the ground displacement functiox;.

By tirtue of Eq. 2.11, the spectrum of X corresponding to & ground
velocity function can also be interpreted as the acceleration spectrum for an
input acceleration having the shape of the prescribed velocity function.
Similarly, the spectrum of X for a given displacement function can be interpreted
as that of X due to an input acceleration of the shape of the prescribed
displacement function. Recalling now that, for lightly demped systems, X nay
be replaced by the pseudo-acceleration A, it is concluded that the velocity
spectrum )'{ for a prescribed velocity disturbance may be considered to be the
same a8 the deformation spectrum for an acceleration disturbance of the same

shape. A similar statement cah also be made for the displacement spectrum X.
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The deformation spectra can, of course, be approximated by application of the
eppropriate design rules presented in this report. It must be emphasized that
this approach is valid only for lightly demped systems.

As an illustration, in Fig. 2.64 are given velocity spectra, plotted
in the form described above, for systems subjected to the full-cycle velocity
pulse considered previously in Fig. 2.37. As would be expected from the
preceding discussion, the spectrum for § = O 18 similar to the deformation
spectrum corresponding to & full-cycle acceleration pulse (half-cycle
displecement pulse), such as that considered in Fig. 2.34. It is important to
note that the trends of corresponding curves in Figs. 2.34 and 2.64, while
similar to each other for medium-frequency and high-frequency systems, differ
significantly for low-frequency systems with values of B on the otder of 0.2
or more. These differences are analogous to those between the quantities A
and X considered in Figs. 2.62.

In Figs. 2.65a and 2.65b are given similar spectra for the Eureka
and El Centro Earthqueke records. For values of B less than about 0.10, these
spectra can also be interpreted as deformation spectra for ground motions the
acceleration diagrams of which bave the shapes of the velocity diagrams of

the earthquake motions considered.
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SECTION 3

RESPONSE OF INELASTIC SYSTEMS

3«1 General

This chapter is concerned with the response of inelastic systems
having a single degree of freedom. Primary attention 1s given to elastoplastic
systems and, in an exploratory way, to bilinear systems of the softening type.
Only the maximum deformations of the systems are investigated.

Figure 3.la shows the resistance-deformation relationship for a
bilinear system. The symbols kl and l:2 denote the slopes of the first and
second portions of the diagram as indicated. For a bilinear system of the
softening type, k2 < kl, and for an elastoplastic system, k2 = 0. The yield
levels in the two directions of deformation are considered to be the same, and
unloading from a point of maximum deformation is assumed to take place along a
line parallel to the initial elastic portion of the curve. A typical cycle of
loading, unloading and reloading is shown in the figure. The yield point
deformation 1is denoted by uy, and the absolute maximum deformation, without
regards to sign, is denoted by u. In an analogous manner, the yield point
resistance 1s designated by Qy’ and the maximum spring force by Qn. For an
elastoplastic system, the force Qn.is, of course, equal to Qy for deformations
in excess of the yield point deformation.

The ground motions considered include five pulse-like excitations and
the two earthquake records used in the study of elastic systems. In addition,
the effects of certain limiting forms of excitation are studied. The
acceleration, velocity and displacement diagrams for the simple pulses are
shown in Fig. 3.2. The acceleration diagrams consist of straight line segments

and, except for one pulse, they are discontinuous at the beginning and the end
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of the diagram. The velocity diagrams have from one to four parabolic half-
cycles of oscillation. The initial values of the velocity and displacement

diagrams are zero in all cases.

3.2 Definitions and Fundamental Relations

It is convenient and instructive to relate the maximum response of
the inelastic system to that of an elastic system having the same stiffness as
the initial stiffness of the inelastic systém. Let u, be the absolute* value
of the maximum deformation of the associated elastic system, and Qo be the
corresponding spring force, as shown in Fig. 3.1lb. The yleld resistance of the
inelastic system, Qy, may then be expressed as a fraction of the resistance Qo
required for elastic behavior. The ra*io Qy/Qo’ vhich is also equal to uy/u ,

will be referred to as the reduction factor and will be denoted by the symbol c.

That is,
(3.1)

0
[ ]
oDkD
n
os: kﬂ

For an elastic system, the quantities Qy and uy may be considered to be equal
to Qo and v, respectively. Accordingly, the reduction factor is equal to
unity in this case. For a system that deforms in the inelastic range, c 1is
evidently smaller than unity.

The reciprocal of the reduction factor, l/c, expresses the intensity
of the ground motion in terms of that which the system can withstand elastically,

and will be referred to as the overload factor.

The maximum deformation of the inelastic system, u, can conveniently
be expreszed in terms of its yleld point deformation, uy. The dimensionless

ratio u

TR :;— ' (3.2)

'Eiis notation is not consistent with that used in Section 2, where the subscript
o referred to the maximum value of the quantity taken with its appropriate sign.
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vill be referred to as the ductility factor. With this notation, the maximm

inelastic deformation of the system is (u - l)uy.
With the values of ¢ and W known, the ratios um/\a° and Q)n/Qo can be
determined from the following equations

;? =ue (3.3)
(]
and
k
%‘:-[1 + *k—i-(u-l)]c (3.4)

Equation 3.3 follows directly from Eqs. 3.1 and 3.2, whereas Eq. 3.4 can
readily be derived by reference to Fig. 3.1b.
For a system without damping, the spring force is proportional to

the acceleration of the mass, and consequently

%
;‘; - ;i : (3.5)

The symbols 'in and ':':o denote the absolute maximm accelerations of the inelastic

and the elastic systems, respectively.

3.3 Response to Limiting Forms of Ground Excitation

With a view of establishing certain guide lines for the interpretation
of the results to be presented later, we consider first the relationships
between the maximm deformation of the elastoplastic systeam and the associated
elastic system for certain limiting forms of ground excitation. These include

(a) an instantanecus displacement change,

(b) an instantaneous velocity change, and

(¢) an instantaneous acceleration change.

The system is presumed to be undamped and initially at rest.
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3.3.1 Instantaneous Displacement Change. For a system subjected to

an instantaneous displacement change, Yo the "initial" value of the resulting
deformation will be Yo irrespective of whether the system behaves elastically
or deforms in the plastic range. Furthermore, since there is no additional
energy imparted to the system after the displacement change has taken place,
the extremum values of deformation for the ensuing motion will be numerically
equal to or less than Yo and the initial deformation will be the absolute

maximum deformation. In other words,

u = 1 =
m o yO

and the reduction factor for the inelastic system, determined from Eq. 3.3, is

C = % (3.6)

Note that this expression is independent of the ratio ka/kl.

As an illustration, Fig. >.lc shows the resistance-deformation
diagram of an elastoplastic system with uy < Yo The abgéissas of points b
and ¢ define, respectively, the deformations of the inelastic and the associated
elastic systems immediately after the initial displacement change. The
extremum values of deformation for the ensuing motion will correspond to points
¢ and ¢' of this figure for the elastic system, and to points b and b' for the
elastoplastic system.

Although the initial deformations for the inelastic and elastic
systems are the same under the conditions assumed, the energies imparted to

these two systems are different. The energy imparted to an elastic system is

E, =3 Qu, (3.78)

and that imparted to an inelastic system is given by the equation
1 1 \2
E- = Qy(u. -3 u}') + 3 kz(u- - \ly) .
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The latter equation can also be written in the form
1 X2 2
ST TUN (R YO (3.70)

Utilising the fact that vhen W, " v, ‘V% = u/u° = 1/, one cbtains the
following expression for the ratio of the two energies.

(2w - 1) + ;—2- (u - 1)
Y o : | (3.8)
EO. [

It may be noted in passing that for an elastoplastic system with u = 5 the
!‘ltio !./Bo = 00560

3.3.2 Instantaneous Velocity Change. The energy imparted to a

system by an instantaneous velocity change, Vo is %nvoa, irrespective of

vhether the system remains elastic or not. Consequently, the energles absorbed

by an elastic and an inelastic system up to the point of their respective
maximm deformation vill also be the same. This equality is expressed by the
equation

g.luf.%a,n,[(a-no%(u-nz] (3.9)

vhence
u°2 - uya [(2u -1) + ;lg(u - 1)2]

and the reduction factor becomes

c = 1 (3.10)

k
\ﬁau-l)*' k—a(ﬂ-l)a
1

Consider nov an elastic and an inelastic system subjected to &

prescridbed motion of arbitrary shape, but assume that the conditions are such
that (a) the absolute maximm deformations of both systems occur during free
vibration and (b) no ylelding occurs during forced vibration.
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By virtue of the second restriction, the energy of the two systems
at the beginning of free vibration will be the same, and, from the material
Just presented, it follows that the maximum deformations of these systems will
also be governed by Eq. 3.9, with the reduction factor c given by Eq. 3.10.

3.3.3 Insteantaneous Acceleration Change. The effect of a ground

acceleration, ¥(t), can most cbnveniently be analyzed by considering the
equivalent problem of a force -mj{{) applied to a fixed-base structure.

For an acceleration step of infinite duration, 'io, the work performed
by the external force up to the point of maximum deformation is [-m ioum], and
the energy absorbed by the structure is given by the right-hand member of

Eq. 3.9. By equating these two quantities, one obtains

2
u

s 2u (3.11a)
¥ k, 2 ‘
o (2u -1) + =(u-1)

k1

vhere p = kln . For an elastic system, uy =-uy and 4 = 1, and Eq. 3.1lla

reduces to
Pan i v
-2 =2 (3.110)

Yo

The reduction factor ¢ is obtained as the ratio of Egs. 3.1lla and
3.11b, ylelding

c = “k ().12)
(2u - 1) + =2 (u-2)°

kl

In this case, it is instructive to consider also the ratio of the

paximm forces developed in the inelastic and the associated elastic systems.

From Eqs. 3.4 and 3.12, one odbtains
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2 .
= u[l.*-"l(u ] (3.13)

k ‘
° (-1 + F(u-2)
1

This ratio is evaluated in the following table for several values of kalkl and u.

Values of QN/QO as Given by Eq. 3.13

ka/kl =0 k2/k1 = 0.1 k2/k1 =0.2 ky/k =0.5 k2/k1 = 1.0

1 1.0 ' 1.0 1.0 1.0 1.0
2 0.67 0.71 0.75 - 0.9% 1.0
5 0.56 0.66 0.T4 0.88 1.0
10 0.53 0.70 0.80 0.92 1.0
© 0.50 1.0 1.0 1.0 1.0

It can be seen that the possidle range of variation of QG/Q o is from 1.0 to
0.5.

3.3.4 Discussion. The results presented in the preceding para-
graphs can be summarized as follows:

(a) For a system subjected to an instantaneous displacement change,
the maximum deformations of the elastic and inelastic systems are the same.

(b) For a system subjected to an instantaneous velocity change, the
energy absorbed by the system up to the point of maximum deformation for the
elastic case is the sané as that for the inelastic case, and the reduction
factor is given by Eq. 3.1b. Thi's relationship is also valid for an arbitrary
ground motion, provided the elastic and the inelastic systems both reach their
a.baolut:e maximm deformation during free vibration, and the inelastic system
behaves elastically during forced vibration. The latter condition requires
that the yield level of the system be equal to or greater than the maximm

deformation attained by the elastic system during forced vibration.
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(¢c) For a system subjected to an instantaneous acceleration change,
the maximum spring force for the inelastic system can be no less than 50 percent
of that for the associated elastic system, the actual magnitude of the reduction
being a function of the ratio ka/kl and of the amount of inelastic deformation
that can be tolerated (See Eq. 3.13).

It would be expected that the first relationship involving con-
gervation of maximm deformations would also be applicable to systems subjected
to ground displacements for vhich the rise time is small in comparison to the
pnatural period of the system. The second relationship, involving conservation
of energies, would be expected to apply also to quarter-cycle velocity pulses
for vhich the rise time is small in comparison to the natural period of the
system (i.e., half-cycle acceleration pulses of short duration), and, possidbly,
to half-cycle velocity pulses of short rise time and sufficiently long decay
time such that, at the time of the first maximm deformstion, the value of
the ground velocity is close to its maxizum value., Finally, the third relation-
ship would also be expected to be valid for acceleration pulses with a sharp
rise and long duration in comparison to the natural period of the system.

In the folloving table are listed the values of the reduction factor,
c, and of the ratio u‘/uo corresponding to different values of the ductility
ratio for the three limiting forms of excitation investigated. The systems

considered are of the elastoplastic type, 1.e. ka/ki = 0.

Reduction Factor, c = Q"/Qo = uy/uo _ Values of “n/“o = pc
W “Displac.  velocity  Acceler. Displac.  Velocity  Acceler.
Change, Change, Change, Change Change Change
Eq. 3.6  Eq. 3.10 Eq. 3.12
1l 1.00 1.00 1.00 1.00 1.00 1.00
1.25 0.80 0.82 0.83 1.00 1.02 1.04
1.5 0.67 0.7T1 0.7% 1.00 1.06 1.12
2 0.50 0.58 0.67 1.00 1.16 1.33
3 0.33 0.45 0.60 1.00 1.34 1.80
5 0.20 0.33 0.56 1.00 1.67 2,78
10 0.10 0.23 0.53 1.00 2.29 5.26
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It can be seen from this table that even a relatively small amount of inelastic
deformation, as represented by a value of u on the order of 1.5, produces a
significant reduction in the value of the required yield resistance and a
relative}y small increase in the value of the maximum deformation. Considering
that for values of u less than 2 the values of the reduction factor and of the:
ratio um/uo for the three forms of excitation differ by less than 3> percent,
it is concluded that the form of excitation is not a very significant parameter
as long as the magnitude of inelastic deformation involved is small. However,
for the greater values of u, the differences between the three sets of results
are quite important, especially when the effects of a displacement change and
an acceleration change are compared. The results for a veloclity change are

intermediate between those for a displacement change and an acceleration change.

. 3.4 Relations Between Response of Elastic and Inelastic Systems

In Fig. 3.5 the response spectrum for the absolute maximum deformation

um of elastqpla;tic systems with ¢ = 0.25 is compared with the spectrum for the

corresponding deformation u, of the associated elastic systems. The inelastic
spectrum is applicable to systems for which the yield level is one fourth of
that required for elastic behavior, or alternatively, to ground motions that are
four times as intense as those which the systems can withstand elastically. The
ground motion is the parabolic velocity pulse considered earlier in Figs. 2.19
and 2.20. The systems are considered to have no damping and to be initially at
rest. The natural frequency of the inelastic system i1s determined from the slope
of the initial elastic portion of the resistance-deformation diagram.

It can be seen from this figure that the‘same percentage reduction in

the yield level of the system (or equivalently, the same overload) has quite
different effects on systems with different natural frequencies. For flexible
systens, vy and u, are equal; for high-frequency systems, w is significantly

greater than L and for medium-frequency systems, Uy is smaller than Use
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Figures 3.4 show the effect of progressively reducing the yield
level of the elastoplastic system. The reduction factor, ¢, is plotted as a
function of the ductility ratio, u, for fixed values of the frequency parameter.

It is noted that for values of tdf < 0.2, the reduction factor is
represented almost exactly by the expression 1/u (Eq. 3.6); in other words, the
maximm deformations of the inelastic and elastic systems are the same,
irrespective of the yield level involved. ‘

For values of t df > 1, the reduction factors are generally greater
than those obtained by the relation l/ u; furthermore, they are quite sensitive
to variations in the value of tdf, as can readily be seen from Fig. 3.4b. As
t df approaches infinity, the input function approaches an acceleration step of
long duration and, as would be expected from the discussion in Section 3.3,
the results approach the relation ¢ = u/(2u - 1), which 1s a specialized form
of Eq. 3.12.

For the particular case investigated, the expression ¢ = 1/[2;4_-1,
vhich defines the effect of an instantaneous velocity change, may be considered
to be valid for a value of t.f of about 1.25. It can be shown that for this

da
value of tdf, the ratio V/:‘/o for the associated elastic system is slightly
smaller than unity.

Figure. 3.4c, wvhich refers to a value of tyf = 0.5, is typical of the
results obtained for medium-frequency systems. In this case, the absolute
maximum deformation of the elastic system, u,, occurs during free vibration
and corresponds to the second extremum value, while the first extremmm occurs
during forced vibration and is equal to 0.57 u 0" The curve abc in this figure
refers to the first extremum, and the curve de refers to the second. For
values of 0.57u° < uy < “o’ ylelding initiates after termination of the pulse,
and, as would be anticipated from the material presented in Section 3.3.2, the

equation of line ab is ¢ = 1N2u - 1.
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We digress now from the discussion of Fig. 3.Mc and refer to

Fig. 3.5 to define the conditions under which the expression ¢ = 1AN2u - 1 18
applicable. The dashed curve in this figure gives the maximun deformation of
an elastic system during forced vibration, and the solid curve, discontinued
in the regions where it lies below the dashed curve, gives the corresponding
deformation during free vibration. It follows that the equgtion ¢ =1N2u -1
is valid in the regions of the speétrun wvhere the absolute mimm deformation
occurs during free vibration, provided the yield level of the system uy is
greater than the value of deformation obtained from the dashed curve. For
example, for t,f = 0.68, vwhere the difference between the ordinates of the two

curves is greatest, the expression 1N2u - 1 will be walid for values of

From the table giveﬁ on p. 3-8it canbe seen that these values of u’/uo correspond
to values of u < 2.5.

Returning nov to Fig. 3.4c, we observe that as uy is decreased below
0.57 u, yielding initiates during forced wibration, and the expression
c = 1JN2u - 1 18 no longer applicable. In fact, the magnitude of the secoind
extremm decreases uhu'ply,. as can be geen from the break of the curve abc at
point b, Hovever, for values of uy between those corresponding to points 4 and
f, the absolute maximm deformation still corresponds to the second extremm.
Finally, as uy approaches its limiting value of zero, the value of the maximm
deformation w will approach the maximm displacement of the ground, Yo

It should be noted that there can be more than one yield level
corresponding to a given value of u. Fig. 3.4c shows three yield levels
corresponding to a value of y = 2. Although all three of these solutions are
distinct and "stadble", from a design standpoint it is desiradle to consider
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only the one corresponding to the highest yield level. This amounts to
replacing the portion of bc which curves to the left by the vertical line shown
dotted.

FPigures 3.6a and 3.6b show the relationship between the reduction
factor and the ductility factor for elastoplastic systems subjected to parabolic
velocity pulses with one and two cycles of oscillation, as shown in tt;e inset
diagrams. In each case, the frequency parameter tlf = 0,50.

For the conditions considered in Fig. 3.6a, the maximm deformation
of the elastic system, u,, corresponds to the third extremum, and, as a
consequence, the resulting plot consists of three branches with two transition
curves. As an illustration of the significance of the various branches, we
note that, for values of 0.056 u, < uy < 0.28 u yieldipg initiates at the
instant that the associated elastic system attains its first extremmm, bdut
that the absolute maximum deformation is obtained at the second extremum instead
of at the first. Under the conditions considered in Fig. 3.6b, the peak
deformation u, corresponds to the fifth extremm, and, consequently, the graph
consists of five branches wvith four transition curves.

It must be emphasized that the discontinuities in the plots presented
in Figs. 3.kc and 3.6 for medium-frequency systems do not, in general, occur
for systems with lov and high frequencies, because the order of the controlling
maximm 4in the latter cases is usually the same for the elastic and the
inelastic systems.

In Figs. 3.7a through 3.8¢c is presented information on the response
of elastoplastic systems subjected to th§ tvo earthquake motions considered in
the study of elastic systems. The plots in Figs. 3.7 are analogous to those
given in Fig. 3.3, and the plots in Figs. 3.8 are analogous to those given in
Figs. 3.4 and 3.6. The similarities between these curves and the corresponding

curves for the simple pulses are indeed most impressive.
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In Fig. 3.9 the spectra of maximum deformation for elastoplastic
and elastic systems subjected to the Eureka earthquake are compared with those
for bilinear systems with ka/kl = 0.2. The yield level of each inelastic
system is considered to be one fourth of that required for elastic behavior.

It can be seen that, in the lov-fréquency region of the spectrum, the maximum
deformations for all systems are for all practical purposes identical. In the
medium-frequency region, the differences in the results are greater but still
insignificant. The major differences occur in the high-frequency region, where
the results appear to be quite sensitive to the ratio of ke/kl‘ These general
trends are in sgreement with those obtained on the basis of the limiting forms
of excitation considered in Section 3.3.

The effect of the parameter k2/kl on the maximum response of the
system is illustrated in Fig. 3.10. Results are presented for selected natural
frequencies and yield levels. The systems are assumed to have a damping factor
of 2 percent. It can be seen that the effect of k2/k1 is important only for
high-frequency systems.

3.5 Deformation Spectra for Elastoplastic Systems

3+5.1 General. The design of an elastoplastic system involves
essentially the determination of the yield strength (or yield point deformation)
necessary to limit the maximum inelastic deformation of the system to a
prescribed value. It is desirable, therefore, to define the deformation spectra
for inelastic systems in such a manner that this information can readily de
determined.

With this in mind, the relative pseudo-velocity for an elastoplastic
system is defined, as in Ref. 10, by the expression



where p denotes t:he undamped circular natural frequency of the system
corresponding to the initial elastic range of its load-deformation diagram,
and uy is the yield point deformation, (g_o_t. the maximm deformation). Thus,
the quantity

1l .2 1

2
-2-mV t-?:lcuy

represents the maximum strain energy that the system must be capable of de-
veloping without yielding. The relative pseudo-velocity spectrum is considered
to be a plot of V against frequency for fixed values of the ductility ratio, u.

The pseudo-acceleration A, is defined as
2 .
A=p Uy (3.15)

The yield force, Qy, may then be determined from the expression

Qy =CW (3°16)

vhere the lateral force coefficient, C, as in the case of an elastic system,

is equal to the value of A expressed in units of gravity. For an elastoplastic
system without damping, Eq. 3.15 is also equal to the maximm value of the
acceleration of the mass. It should be noted that these definitions of V and
A for the inelastic system are consistent with those used for the elastic
system, since, as previously noted, the yield deformation of the elastic system
may be considered to be equal to its maximum defomation.

On a logarithmic plot of V against frequency similar to that used
for elastic systems, the set of diagonal lines extending in the north-east
direction represents values of constant yield deformation, uy, and the set of
lines extending in the north-west direction represents values of constant pseudo-
acceleration. Thus the values of uy, V and A corresponding to a prescribed
ductility ratio can be read directly. The value of the maximm deformation can

then be determined from the expression % = uy.
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3.5.2 Spectra for a Half-Cycle Acceleration Pulse. In Fig. 3.11

are given deformation spectra, as defined above, for undamped systems with
ductility ratios in the range between 1 (elastic case) and 10. The ground
motion is an initially peaked triangular acceleration pulse. As in previous
plots, the spectral quantities are normalized with respect to the maximum value
of the corresponding ground motion. Note that the ratio of the ordinates of
the curves for an inelastic and elastic system, represents the reduction factor,
¢, for the particular condition considered.

‘ In the lov-frequency region of the spectrum, the relationship between
the curves for the inelastic and the elastic systems is represented almost
exactly by the expression ¢ = 1A2; - 1 obtained from Eq. 3.10. This result
vas anticipated in Section 3.3.4, since as tdf approaches zero, the ground
velocity approaches a step function for which Eq. 3.10 applies exactly. In a
similar manner, the limiting values of the pseudo-acceleration A at high
frequencies are as defined by the right-hand member of Eq. 3.1la. The
transition curves betwveen these limiting values are smooth in this case, because
the absolute maximm deformations for both the elastic and the inelastic systems
correspond to the first extremum.

3.5.3 Spectra for Half-Cycle Velocity and Displacement Pulses. In

Figs. 3.12a through 3.14b are given deformation spectra for elastoplastic
systems vith zero and 10 percent critical damping subjected to three different
forms of ground motion, as shown in the inset diagrams.

The data used to prepare these plots were obtained on the ILLIAC,
the digital computer of the University of Illinois as follows. First, the
maximm deformation of the elastic system was computed for selected values of
the frequency parsmeter. Then, the maximum response of the inelastic systems

vas evaluated for a range of yield levels, and the results for each value of
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the frequency parameter were plotted in the form presented in Figs. 3.4 and
3.6. The values of ny corresponding to the selected ductility ratios were
finally determined from these plots.

The salient features of these curves are as follows:

(a) At low frequencies, the relationship c = 1/ 4 18 applicable to
all cases considered, with the result that both u, and u, are equal to the
maximum ground displacement, y o° Furthermore, as the yield level of the system
is decreased (or as p increases), the expression W, £ Y, 18 valid for a wider
range of natural frequencies than for the corresponding elestic system. This
trend i1s particularly noticeable in the case of the half-cycle displacement
pulses considered in Figs. 3.14. Note that the break in the left-hand portion
of the curves in this figure shifts to the right with increasing values of u.

(b) At high frequencies, the limiting values of A are essentially
as defined by Bq. 3.1la™ for the ground motions which have discontinuous
accelerations. On the other hand, for the continuous acceleration functions,
the 1imiting value of A may be considered to be the same for both the elastic
and the inelastic systems.

(c) In the intermediate range of frequencies, the relationship
between the' elastic and inelastic systems is in general complex. It can
dbroadly be said, however, that the reduction factors corresponding to a half-
cycle displacement pulse are greater than those for a half-cycle velocity pulse.

Design Rules. For design purposes, the relationship between the

deformation spectra for elastoplastic and elastic systems may be expressed
approximately as follows:

(1) For the low-frequency range of the spectrum for which the
maximum deformation of an elastic system may be considered to bde equal to the
maximum ground displacement, Yo? the maximm deformations of the inelastic and

‘!—qution 3.11a 1s strictly applicable to an undamped system only.
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elastic systems are for all practical puiposes the same, i.e., U, U Ty,
Consequently, the reduction factor is given by the expression c¢ = 1/u.
(2) Por the intermediate range of frequencies, the following

relationships are applicable:

(a) When U, is equal to or smaller than the msximm input dis-
placement and V o is of the order of 1.5 times the maximm input velocity, as
is the case with half-cycle velocity pulses, the maximum deformation of the
inelastic and the elastic systems may be considered to be the same up to a
velue of ¢ df slightly greater than the value corresponding to the peak of the
elastic spectrum. In this case, the reduction factor is again given by the
expression ¢ = 1/u.

(v) On the other hand, vhen U, 1s greater than y , and V_ is
of the order of 2 to 3 times S’o, as 1is the case with half-cycle displacement
pulses, the maximm deformation of the inelastic system is generally less than
that of the corresponding elastic system. In general, the greater amplification
factors of U o and V o for the elastic spectrum, the more conservative are the
results obtained by application of the relation ¢ =.1/i. The differences are
particularly noticeable for the larger values of u. However, if the degree of
conservatisam implied by the use of this relationship can be tolerated, then
the expression ¢ 5 1/u can be considered to be valid up to a value of t.f

a
located approximately at one-third the distance between the value of t.f

a
corresponding to the peak of the 2lastic spectrum aua the value of td: beyond
the peak for which the amplification factor for V is ome.

(3) For the high-frequency range of the ope;:tnm vhere the psewdo-
acceleration A may be considered to be constant, the rclationship dbetween the
inelastic and the elastic spectra meay be stated in terms of the magnitude of

the amplification factor for the elastic system. When the amplification factor
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is of the order of two, as would be the case for an input acceleration with a
discontinuity equal to the maximum input acceleration, the reduction factor may
be approximated by the expression ¢ = u/(2u - 1). On the other hand, if the
amplification factor of A for the elastic system is one, as would be the case
for an acceleration function without any discontinuities, the reduction factor
may be considered to be unity. In other words, the maximm forces for the
elastoplastic and the elastic systems may be considered to be equal.

(4) Por the range of frequencies betweep those covered under (2) and
(3), the reduction factor is sensitive to changes in the value of the natural
frequency. However, the spectrum curves for this range can usually be deter-
mined by drawing smooth transition curves between the curves applicable to the
ranges considered in items (2) and (3). When this cannot be done readily, the

equations

R _ S
and ¢ e -1

C=
Jau-l

may be used as guide posts. The first equation may be considered %o be valid
at a frequency for vhich the relative pseudo-velocity of the associated elastic
system is from sabout 1.0 to 0.8 times the maximm ground velocity, and the
second equation may be considered to be valid at a frequency for which the
pseudo-acceleration of the associated elastic system is of the order of 2.

It follows that the response spectrum for an slastoplastic system
corrésponding to a specified value of the ductility ratio can be obtained from
the spectrum applicadle to the associated elastic system simply by dividing the
ordinates of the elastic spectrum by a factor vhich depends on the value of the
ductility ratio but which is different for the different frequency ranges.

For convenience of reference, these factors are summariszed in Fig. 3.15 for a
representative spectrum corresponding to a half-cycle pulse of ground velocity.
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In the application of these rules to design, it is suggested that the spectrum
for the elastic system be represented by a smooth curve, without the undulations
that are characteristic of response spectra.

These rules are proposed for systems with moderate amounts of damping
(of the order of 10 percent critical or less) and ground motions for which the
primary or dominant component may be represented either by a half-cycle velocity
pulse or by a half-cycle displacement pulse. The reader is cautioned against
using these rules for displacement pulses with two or more half-cycles of nearly
equal amplitudes and durations.

Relative Bffects of Demping and Inelastic Action. On comparing the

inelastic spectra presented in this section with the corresponding spectra for
damped elastic systems given in Section 2, it can be seen that the relative
effects of damping and inelastic action in reducing the magnitude of the
required resistance are quite different in the various regions of the spectrum.
In particular, in the low-frequency range of the spectrum for which the effect
of damping may be considered to be negligible, the effect oi inelastic action

is extremely important. These results show clearly that, in general, the effect
of inelastic action cannot be considered in terms of a fixed amount of
"equivalent damping".

3.5.4 Spectra for Multiple-Cycle Velocity Pulses. For half-cycle

displacement pulses, it has been noted that in the regions of the spectrum
where U and V attain their maximum values, the absolute maximum deformation of
the elastoplastic system is generally smaller than that for the corresponding
elastic system and that the results obtained fram the expression ¢ = 1/u may
be fairly conservative for large values of u.

This effect is exaggerated under more nearly periodic excitations,
as can be seen from the spectra presented in Figs. 3.16 and 3.17. These spectra
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are for velocity functions composed of three and four parabolic half-cycles,
respectively. The details of the input functions are shown in the inset
diagrams. Only the middle regions of the spectra are presented, since at the
regions of low and high fréqnency the results are identical to those presented
in Figs. 3.14, |

It is of some interest to note that, if only the peak values of the
curves corresponding to the inelastic and elastic curves are compared, the
expression 1/u leads to reasonably accurate results.

3.5.5 Spectra for Earthquake Motions. The deformation spectra

presented in Figs. 3.18 and 3.19 are self-explanatory. They refer to systems
with 2 percent critical damping subjected to the Eureka and El Centro earth-
quake records considered earlier, and are directly comparable to the corres-
ponding spectra presented for simple ground motions. It is important to note
that, even for these camplex input motions, the average relationships between
the inelastic spectra and the corresponding elastic spectra for the various
ranges of frequency are in very good agreement with the approximate rules

presented for pulse-type of excitations.
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TAELE 1

COORDINATES OF MAXIMUM VALUE OF A FOR HALF-CYCLE ACCELERATION PULSES

Coordinates of Max. Values of A

Pulse tr,a trla Ao Ar
Yo Yo

Triangular 1 1 1.26 0.67 1.26 0.67
Triangular 0.5 0.5 1.57 0.95 1.45 0.75
Versed Sine 0.5 0.32 1.72 1.0 1.63 0.8
mf—sm 005 0032 1077 0¢85 1073 0.7
Skeved 0.25 0.16 1.83 1.4 1.59 0.8
Versed '

Sme 00125 0.08 lo% 200 1055 008
Triangular 0 0 2.00 *° 1.26 0.67
Rectangular 0 0 2.00 0.5 or 2.00 0.5

greater

-1



TABLE 2

COORDINATES OF MAXIMUM VALUE OF V FOR HALF-CYCLE VELOCITY PULSES

- Results may not be accurate to the number of significant figures recorded

Coordinates of Max. Value of V

Pulse  Acceler. Velocity t_r,v ?r 'V V.
¥o. Pulse Pulse ts ty =2 tyf t
o,V
yO

1 4 — 0 0 1.0 - -
2a 0 o] 1.26 0.66 0.66
2b D ~ 0.125 0.125 1.33 0.67 0.67
2¢ 0.25 0.25 1.40 0.73 0.73
24 0.5 0.5 1.45 0.75 0.75
3a 0.125 0.08 1.54 0.84 0.8k
Sb %‘ A’ 0025 0016 10& 0081" 0.8‘&
3¢ 0.5 0.32 1.65 0.84 0.84
ha N ~ 0.125 1.4 1.9 0.84
I 0.25 1.53 1.1 0.84
5 Dcr [~ 0.333 0.2 1.70 0.67 0.85
5b 0.5 0.3 1.72 0.68 0.86
6a e AN 0.32 1.3 0.95 0.69
7‘ $‘ A 005 0025
To S AN 0.5 0.25 1.72 0.85 0.85
Te g £ 0.5 0.25  1.T5 0.67 0.8
8 t— m— o 2.0 0.50 1.00

5-2
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FIG. 2.2 GROUND MOTIORS OF INTEREST
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FIG. 2.13 RESPONSE OF AN UNDAMPED ELASTIC SYSTEM SUBJECTED
TO A FULL-CYCLE ACCELERATION PULSE
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FIG. 2.44a DEFORMATION SPECTRA FOR DAMPED ELASTIC SYSTEMS SUBJECTED
TO A HALF-CYCLE PARABOLIC VELOCITY PULSE
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FIG. 3.1 RESISTANCE-DEFORMATION DIAGRAMS FOR SYSTEMS CONSIDERED
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Reduction Factor, c= uy/u,
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Reduction Factor, ¢= uy/u,
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APPENDIX A

TABULATION OF NUMERICAL SOLUTIONS

In this- Appendix is tabulated a portion of the numerical data used
to construct the response spectra presented in the body of the report. These
data were evaluated on the ILLIAC using the iterative scheme of numerical
integration described in Ref. 11, with the acceleration of the mass assumed
to vary linearly within each step of integration. A description of the
computer program used is available in Ref. 12. The data for the remaining
spectra were obtained analytically by a formal solution of the governing
differential equation of motion.

For the elastic systems, the response qun.ntitigs evaluated were the
absolute displacement, absolute velocity and absolute acceleration of the mass,
and the relative values of the displacement, velocity and acceleration between
the mass and the ground. Both the maximum positive and the maximum negative
values of these quantities were evaluated together with their respective times
of occurrence. Some of the deformation spectra presented in this report were
determined from these results by spplication of the analogies described in
Section 2.4. For example, the deformation spectra in Fige. 2.38 through 2.40
were determined from the values of U presented in Table A.lb by noting that
the values of ﬁ/jro in this teable are also equal tc uvne values of u/yo for an
input motion for which the shape of the displacement diagram is iddntical to
that of the velocity diagram shown below the table heading. Similarly, the
spectra in Figs. 2.43 were determined from the values of U given in Table A.lc.
For the inelastic systems, only the absolute displecement of the mass and the

spring deformation were computed.

A-1



For the pulse-like excitations, the time interval of integration used
in these computations was 1/50th of the undamped natural period of the system,
vhereas for the earthquake motions it ranged between 1/30th and 1/70th of the
natural period. In addition to these time intervals, the response of the system
vas evaluated at the times for which the ground acceleration was en extremum.

It should be noted that the tabulated data may not be accurate to the number of
significant figures reported. One of the sources of inaccure-y 1is the fact
that the response of the system is evaluated at discrete times. Since the
maximum respcnse may occur between the times at which the response is evaluated,
in the absence of any other inaccur:r:ies, the computed maxima must be

numerically smaller than the actual maxima. The detailed data follow.

A-2



‘UOTIVIQTA 231

Furanp FUTIIMI00 a:avkvxo ga30u3qd

»
6ST0- Q410 26T°0-  6QT°0 Q22 0~ #02°0 gne o~ LT2°0 IR0~ #E2°0 Ll2*o- 692°0 m.ﬂ
69T7°0- Q9T°0 Lo2°0- 902°0 162°0- 612°0 §2*0-  q:k°0 062°0- 9¢2°0 Q0L 0~ - 0L2°0 ¢t
&lt:o- Llt°o 6220~ §Z&°0 lle-o- l¢2°0 S0¢°0- 2Z=22°0 gego-  ltreeo gHE°O-  Of2°0 21
T6T°0- QQT'0  Gx2°0- 64270 log0o- 0le°o ons°0- 292°0 19¢°0- g0 Sgeco- §62°0 T°1
S02°0- 002°0 g92°0- gle‘o /e C- 0%%°0 19e°0- L1660 GO0~  4ge°0 Ceno-  CEn°0 o't
612°0- 210 n62°0-  #1$°0 285 0" ma:.o genco- 2¢%°0 9Gn*0-  §£S6°0 ggn°0- 019°0 6°0
920~ G22°0 ¢2g°0- 96¢°0 Lzn*o- 12§°0 wgn0- 6£9°0 n16°0- o02L°0 #0T9°0- 128°0 8°0
GG2*o- 9¢2°0 16¢°0- LOW*O 6in*0~ 859°0 #QHG0- 228°0 #T¢L°0- 1¢6°0 #166°0- 200°T Lo
Ggl2*o- 642°0 650~  LSy°O 9¢6°0- G6L°0 #0%L°0- AT0°T #206°0-  ¢9T°T #9CE°T-  Te°T 9°0
L62°0- i%2°0 ¢eno- G6n°0 G660~ L0O6°0 #M6Q°o- 2LT°T #CCT°T- 646 T #TLG°T- TLS°T G*0
gOC 0~ #eH2°0 2Gh°0- #206°0 £29°0- %SCE°0 #Mge°0- »2T2°T w61 T~ #Ll6C°T #9329 T~ #929°T 6%°0
6TC°0- #6£2°0 OL#°0- »l6%°0 gHa°*0- #9%6°0 #900°0- «9T2°T #Q6T T~ #20%°T wCCO'T- #£€9°T %°0
62¢°0- #%£e2°0 9 0- #6L%°0 §99°0- #806°0 #198°0- #0811 AT T- #29%°T #99S° T~ #985°T 60
gec0- 2502°0 96h "0~ #9HK "0 gL9°0~ %058°0 #909°0- #907T°1 #060°T- #9l2°T wogn T- #SgN°T €0
2SO0~ #2gT°0 Q6N 0= #66£°0 €L9°0~ x29L°0 geL 0~ #266°0 #QL6°0~ #SHT°T wCCC T- =fee°T G20
ONng 0~ wST°0 9gN°0- #gLs° 0 1M9°0= #L%9°0 6TL°0- «#2%8°0 #T€Q°0- #2L6°0 #2ETT- #2211 20
G2X*0~ #03T°0 05%°0- #592°0 LGS0~ #g05°0 L£9°0- #199°0 2l9°0- #£9L°0 “6g8°0- #6g8°0 4 &f¢]
OT¢"0- #20T°0 6TH 0~ #622°0 L26°0- #TEH°O 9LG°0~ #195°0 €09°0- #g"9°0 anSL°0- wqSL°0 G210
Lge 0~ %£80°0 9Llg 0= #£QT°0 TOH°0- #06°0 géN°0- #SSGH°0 grsé o~ #925°0 #219°0- #219°0 T°0
262°0- #£90°0 gre 0~ #6£T°0 LLC0- #692°0 TOH°0- #SHE°O STH 0~ #66£°0 N0~  #NIN°O0 GlLo°o
TO2°0- #210°0 Oh2*0- #£60°0 €L2°0- #QLT°0 9g2°0- #2%2°0 €62°0- «992°0 #2TC°0- #3TE°0 60°0
€2T°0- #T20°0 1ET°0- w#l70°0 LnT°0- %060°0 16T°0~ ‘hﬁw.o €GT°0- #6¢T°0 #LST°0~ #lST°O 620°0

2/t = Pa/la 30 omawy  (v)
% % ° % °f °f °s °s °s °f °s °k
00°'T = d 060 =49 o020 = ¢ ot'o = g G0 =¢ O=¢d
| g — ;
~ _ ' ~ —«‘ 4 _ ' I
-— e
% \ /\M A " — * K

umoys 58 8$9§TNJ UOTPBISTIOTY PUNOIH SUTS-JTCH
or], ;0 aduaonbag ® 03 pajyoafqng waysAg OIIseTd

A-3



TARLE AJla(Continued)

VALUES OF ABSOLUTE MAXIMUM AND ABSOLUTE MINIMOM PSEUDO-VELOCITIES
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TABLE A.2b MAXIMUM AND MINIMUM VALUES OF RELATIVE VELOCITY, U (CONTINUED)
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TABLE A.2¢ SPECTRAL VALUES OF ABSOLUTE DISPLACEMENT OF THE MASS, X

Elastic System Subjected to a Sequence of Three
Half«Sine Ground Acceleration Pulses as Shown

VI/\—VQ 2\

| .

\ "II i f | Y
| bt A |

yt///~<::k>
t l N

>

- |

ty .
X
Value of _
tlf P [/; (tr) d « ]
v o

B =0 8 = 0,05 B =20.10 g =0.20 B = 0,50 8 = 1,00
0.015 1.00 - .o 0.812% -- 1.627
0.028 1.00 0.922% 0.871% 0.814x% 0.964 1.452
0.05 0.990%* 0.910% 0.860% 0.802*% 0.894 1.138
0.075 0.957* 0.885« 0.837» 0.781% 0.815 0.929
0.10 0.918*% 0.852% 0.805% 0.750 0.736 0.779
0.125 0.872% c.810 0.765 0.710 0.664 0.667
0.15 0.818+% 0.761 0.718 0.662 0.599 0.580
0.20 0.700 0.652 0.615 0.562 0.490 0.455
0.25 0.586 0.547 0.517 0.472 0.407 0.3
0.30 0.487 0.457 0.432 0.397 0.342 0.311
0.35 0.405 0.382 0.363 0.335 0.292 0.267
0.40 0.339 0.321 0.307 0.286 0.252 0.232
0.45 0.286 0.273 0.262 0.246 0.22} 0.206
0.50 0.243 0.233 0.225 0.213 0.195 0.184
0.60 0.180 0.175 0.171 0.166 0.158 0.152
0.70 0.138 0.136 0.135 0.134 0.132 0.129
0.80 0.110 0.110 0.111 0.113 0.113 0.111
0.90 0.0975 0.0974 0.0979 0.0988 0.0994 0.0986
1,00 0.0903 0.0892 0.0888 0.0887 0.0887 0.0883
1.10 0.0822 0.0813 0.0808 0.0804 0.0802 0.0799
1,20 0.0744 0.0739 0.0737 0.0734 0.0732 0.0730
1,30 0.0675 0.0675 0.067S 0.0675 0.0674 0.0672
1.40 0.0621 0.0623 0.0624 0.0624 0.0624 0.0623
1.50 0.0581 0.0581 0.0581 0.058) 0.0%81 0.0580
1.60 0.0545 0.0544 0.0544 0.0544 0.0544 0.0543
1.70 0.0511 0.051 0.0511 0.051 0.051 0.0510
1,80 0.0480 0.0481 0.0482 0.0482 0.0482 0.0482
1.90 0.0455 0.0455 0.0456 0.0456 0.0456 0.0456

* Denotes extremum occurring during free vibration.

A=31



TABLE A.2c SPECTRAL VALUES OF ABSOLUTE DISPLACEMENT OF THE MASS, X (CONTINUED)

tif Value of X
P[fv (')dr"
[}

p=90 8 =0.05 f=0,10 f =0,20 f = 0,50 8 = 1,00
2.00 0.0433 0.0433 0.0433 0.0433 0.0433 0.0433
2,10 0.0413 0.0412 0.0412 0.0412 0.0412 0.0412
2.20 0.0394 0.0393 0.0393 0.0393 0.0393 0.0393
2,30 0.0376 0.0376 0.0376 0.0376 0.0376 0.0375
2,40 0.03%9 0.0360 0.0360 0.0360 0.0360 0.0360
2.50 0.0345 0.0345 0.0345 0.0345 0.0345 0.0345
3.00 0.0287 0.0287 0.0287 0.0287 0.0287 0.0287
3.50 0.0246 0.0246 0.0246 0.0246 0.0246 0.0246
4,00 0.0215 0.0218 0.0215 0.0218 0.0218 0.0215
4,50 0.0191 0.0191 0.0191 0.019} 0.0191
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TABLE A.2d SPECTRAL VALUES OF ABSOLUTE VELOCITY OF THE MASS, X

Elastic Systems Subjected to a Sequence of Three
Half-Sine Ground Acceleration Pulses as Shown

=
e t +

Value of —

PYo
t‘f
B=0 p =0.05 g =0.10 B =0.20 g = 0,50 g =1.00
0.015 0.183*% - e 0.474 -- 1,765
0.025 0.295% 0.302 0.366 0.524 0.988 1.637
0.05 0.572% .508 0.534 0.632 0.958 1.379
0.075 0.833*% 0.719% 0.660 0.707 0.91S 1.187 .
0.10 1.067* 0.921% 0.810% 0.749 0.867 1.038
0.125 1.268% 1.094% 0.963*% 0.787% 0.817 0.919
0.15 1.429% 1.233% 1.085% 0.888* 0.768 0.839
0.20 1.618% 1.397% 1.230% 1.007 0.783 0.724
0.25 1.626 1.404 1.237 1.010 0.732 0.619
0.30 1.475 1.274 1.123 0.916 0.648 0.531
0.3S 1.235 1.070. 0.945 0.776 0.587 0.459
0.40 0.981 0.853 0.758 0.632 0.475 0.401%
0.45 0.755 0.658 0.589 0.503 0.406 0.355
0.50 0.567 0.496 0.448 0.397 0.350 0.316
0.60 0.394 0.370 0.351 0.323 0.280 0.259
0.70 0.322 0.304 0,290 0.269 0.237 0.218
0.80 0.270 0.253 0.243 0.227 0.204 0.189
0.90 0.222 0.212 0.205 0.194 0.178 0.167
1.00 0.187 0.180 0.175 0.168 0.157 0.149
1.10 0.159 0.155 0.15) 0.147 0.140 0.135
1.20 0.138 0.134 0.132 0.130 0.127 0.123
1.30 0.119 0.118 0.117 0.117 0.116 0.113
1.40 0.104 0.105 0.105 0.106 0.106 0.104
1.50 0.0987 0.0962 0.0969 0.0982 0.0985 0.0971
1.60 0.0902 0.0903 0.0908 0.091S 0.0917 0.0908
1.70 0.0869 0.0860 0.0858 0.0859 0.0859 0.0852
1.80 0.0834 0.0818 0.0813 0.0810 0.0808 0.0802
1.90 0.0789 0.0777 0.0770 0.076S 0.0762 0.0758

* Denotes extremum occur}hgdurlng free vibration,
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TABLE A.2d SPECTRAL VALUES OF ABSOLUTE VELOCITY OF THE MASS, X (CONTIN"ED)‘

~”
-—
-

X
‘ e
Value of Py

o

=0 p=0,05 B =0.10 g =0.20 g =0,5 g =1,00
2.00 0.0747 0.0736 0.0730 0.0725 0.0722 0.0718
2,10 0.0705 0.0696 0.0692 0.0688 0.0686 0.0683
2,20 0.0667 0.0659 0.0656 0.0654 0.06S3 0.0651
2,30 0.0626 0.0624 0.0624 0.0624 0.0623 0.0621
2.40 0.0591 0.0593 0.0595 0.0596 0.0596 0.0595
2,50 0.0571 0.0566 0.0569 0.057 0.0571 0.0570
3.00 0.0480 0.0476 0.0474 0.0474 0.0473 0.0473
3.50 0.0404 0.0403 0.0404 0.0404 0.0404 0.0404
4,00 0.0356 0.0354 0.03S3 0.0353 0.0353 0.0353
4.50 0.0313 0.0313 0.0313 0.0313 0.0313 0.0313

A-34



o
B = 0.“0

B = 0020

g = 0.10

L AND THE ASSOCIATED TIMES, t

g = 0.05

o

Elastic Systems, Bureka Eartbhquake

¥ = 12.5 in./sec., ¥_ = 0.178 g, Duration of Quake = 20 sec.

]
ﬁ-o.m

g=0

Yo = 10 in.,
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TABLE A.3c VMWWWMMW@,‘%,MW&S&MM, t,

Elastic Systems, Eureka Earthquake

¥, = 10 in., §, = 12.5 in./sec., ¥ = 0.178 g, Duration of Quake = 20 sec.

B = 0.20

B = 0.’50

B = 0.0 = 0.05 g = 0.10
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, AND THE ASSOCIATED TIMES, to

o

Elastic Systems, Eureka Earthquake

%
= 12.5 in./sec., ¥_ = 0.178 g, Duration of Quake = 20 sec.

TABLE A.3f VALUES OF ABSOLUTE MAXIMUM ACCELERATIONS,
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Klastic Systems s E1 Centro Earthquake

1368 10./sec., ¥, = 0.32 g, Durstion of Quake = 29.5 sec.
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. TABLE A, Wb VALUES OF ABSOLUTE MAXIMUM RELATIVE VELOCITIES, \'AO,ARD'.EHBASS(BIATKDTMS, t,

o

Elastic Systems, El Centro Earthquake

7 =15681n./sec., ¥ = 0.32 g, Duration of Quake = 29.5 sec.
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> AND THE ASSOCIATED TIMES, t

4

TABLE A.hc VALUES OF ABSOLUTE MAXIMUM RELATIVE ACCELERATIONS,

Elastic Systems, El Centro Earthquake

Y, =8.28 in., ¥, =13.68 in./sec., 'io = 0.32 g, Duration of Quake = 29.5 sec.
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TABLE A.44 VALUES OF ABSOLUTE MAXIMUM DISPLACEMENTS, X, AND THE ASSOCIATED TIMES, to

Elastic Systems, El Centro Earthquake

Y, =8281n., § =-13.68 in./sec., ¥

= 0.32 g, Duration of Quake = 29.5 sec.
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TABLE A.5

VALUES OF MAXIMUM AND MINIMUM PSEUDO-VELOCITIES AND ASSOCIATED TIMES

Elasto-Plastic Systems Subjected to Ground Motion Shown:
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VALUES OF MAXIMUM AND MINIMUM PSEUDO-VELOCITIES AND ASSOCIATED TIMES
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TABLE A.6

CONTINUED
p=20 p = 0.10
4, Ex nax puga.x tmin P uqxin nax pu?u Yain Ploin
Y Y Yo Y Yo ty Yo ¥ Yo
0.3 1.24  1.419 0.63 -5.473 1.02 0.120 0.51 -2.058
0:25 1.30 2.320 0.67 -7.272 l.04 0.142 0.53 -2.413
0.15 0 0 0.7T4+ -11.80 1.09 0.082 0.5 -3.196
0.10 0 0 0.78 -14.58 1.1k 0.017 0.58 -3.625
0.05 0 0 0.84 -17.84 0 0.59 -4.079
10 1 0.73 0.070 0.27 -0.070 0.77 0.065 0.27 -0.066
0.9 1.56 0.075 0.23 -0.075 0.79 0.060 0.29 -0.076
0.75 1.37 0.232 0.3 -0.221 0.85 0.059 0.35 -0.219
0.6 1.46 0.069 0.6 -1.357 0.90 0.041 0.kl -0.627
0.5 1.02 0.093 0.52 -2.966 0.94 0.027 O.bk -1.032
0.4 1.15 1.932 0.59 =-5.419 0.97 0.073 0.47 -1.545
0.3 1.20 0.534 0.65 -9.312 0.99 0.00k 0.4 -2.197
0.25 0 0 0.69 -11.87 1.01 0.056 0.51 -2.565
0.15 0 0 0.76 -18.10 1.05 0.069 0.54 <3.376
0.1 0 0 0.79 -21.81 1.08 0.033 0.55 -3.814
0005 0 0 0.85 '5009 0 0056 'homl“
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TABLE A,T

Elasto-Plastic Systems Subjected to Ground Motion Shown:

o~

| Y | Y |

tl;\\g{/,

1N
o AL,
t t

VALUES OF MAXIMUM AND MINIMUM PSEUDO-VELOCITIES AND ASSOCIATED TIMES

t,f

Bd’

pu

1 1:1 ax max puxpin
Y tl Yo Yo Yo

0.05 1 6.00 1. -0, 206 5. 0.058 1.00 =0.201

0. 24.00 1. -0.206 3. 0.034 1.00 -0.201

0. 2.80 1. -0.207 2. 0.023 1.00 ~ =0.201

0. 2. 40 1. -0.208 2. 0.016 1.00 -0.202

0. 22.40 1. -0.208 2. 0.014 1,00 -0.203

0.1 22.40 1. -0.209 2. 0.013 1.00 -0.203

0.1 1 - 1. =0.394 3. 0.225 1.00 -0.371

0. 2.80 1. -0.395 2. 0.163 1.00 -0.372

0. 2.60 1. -0.399 2. 0.119 1.00 -0.376

0. 2.40 1. -0. 407 2. 0.079 1.00 -0.383

0. 2.20 1. -0.410 2. 0.066 1.00 -0.387

0. 2.20 1. -0.413 2. 0.059 1.00 -0,389

0.2 1 7.30 9.80 -0.943 2.00 0.831 0.90 -0.615
0.75 2.40 0.90 -0.681 2.00 0.842 0.90 -0.615

0.5 2.30 0.90 -0.691 2.00 0.651 0.90 -0.626

0.25 2.30 0.90 -0.728 2.00 0.418 0.90 -0.662

0.15 2.20 1.00 -0.760 2.00 0.317 0.90 -0.685

0.1 2.20 1.00 -0.781 2.00 0.267 0.90 -0.699

0.3 1 8.51 6.85 -1.855 1.88  1.497 3.35 -1.190

0.9 1.94 3,48 -1.577 1.88 1.502 3.35 -0.924

0.75 1.94 3.55 <0.971 1.88 1.525 0.80 -0.740

0.6 2.00 0.80 -0.840 1.94 1.571 0.80 -0.740

0.5 2.00 0.80 ~0.840 1.9% 1.629 0.80 -0.740

0.4 2.08 0.80 -0.842 1.9%  1.456 0.80 -0.749

0.3 2.08 0.80 -0.863 1.229 0.80 -0.774

0.25 2.08 0.87 -0.889 1.108 0.80 -0.794

0.15 2.14 0.87 -0.972 0.824 0.87 -0.861

0.1 2.14 0.9% -1.0l1 0.665 0.87 -0.909

0.05 5.43 0.94 -1.130 0.499 0.94% -0.971

0.4 1 6.65 5.40 -2.703 1.850 2,80 -1.7W0

0.9 1.75 2.90 -2.722 1.859 2.80 -1.407

0.75 1.75 2.90 -2.111 1.903 2.80 -0.856

0.6 1.80 2.95 =1.131 2.007 0.70 -0.790

0.5 1.85 0.70 -0.905 2.124 0.70 -0.790

0.4 1.90 0.70 -0.905 2.179 0.70 -0.791
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TABLE A.] CONTINUED

B = O = O . 10
1-'.'!.f _\_lx tma.x puma.x min pumin 1;ma.x puma.x tmin pum in
uo tl yo 1"l yo 1"’l J 0 1"l yo
0.4 1.54 2.766 0.4 -0.850 1.52  1.953 0.48 -0.774
0.3 1.70  3.698 0.54 -1.0k2  1.62 2.324  0.54 -0.941
0.25 1.78 k.21 0.60 -1.220 1.68 2.458 0.60 =-1.073
0.15 1.92 L4.191 0.74 -1.873 1.78 2.510 0.68 -1.470
0.1 1.96  3.509 0.82 -2.41k4 1.82 2,378 0.7T4 -1.753
1.25 1 0.80 0.815 2.00 -0.760 0.83 0.576 0.34 -0.580
0.9 0.82 0.823 0.34 -0.676 0.86 0.499 0.34 -0.584
0.75 0.86 0.746 0.34 -0.680 1.23 0.631 0.37 -0.618
0.6 1.20 0.89%6 0.38 -0.731 1.4 1.206 O.42 -0.707
0.5 l.42  1.746 0.43 -0.828 1.50 1.696 0.4 -0.820
0.4 1.60 3.080 0.50 -0.028 1.58 2.177 0.53 =1.000
0.3 1.76 L. 436 0.59 ~1.k14 1.66 2.548 0.59 =-1.270
0.25 1.82 4.875 0.66 -1.71k 1.71 2.662 0.62 -1.446
0.15 1.94  4.636 0.78 -2.635 1.78  2.695 0.70 -1.895
0.1 1.97 3.730 0.85 -3.305 1.81 2.606 0.75 =2.176
0.05 2.00 2.200 0.93 -4.155 1.84 2.436 0.78 -2.499
1.5 1 1.26 0.702 0.29 -0.603 1.21  0.472 0.29 -0.518
0.9 1.26 0.709 0.29 -0.603 1.20  0.397 0.29 -0.523
0.75 1.27 0.546 0.30 -0.612 1.20 0.251 0.32 -0.556
0.6 1.25 0.247 0.34 -0.675 1,30 0.413 0.37 -0.648
0.5 1.25 0.439 0.38 -0.788 1.43  1.090 0.k2 -0.772
O.4 1.52 2.252 0.47 -1.025 1.52 1.821 0.49 -0.973
0.3 1.72  4.44%0 0.56 =1.u496 1.62  2.447 0.56 -1.284
0.25 1.80 5.265 0.64 -1.870 1.66 2.676 0.60 -1.489
0.15 1.92  5.u446 0.77 =3.024 1.7 2.903 0.68 -2.013
0.1 1.97 4.495 0.84 -3.865 1.78 2.885 0.72 =-2.341
0.05 1.99 2.695 0.92 -k4.932 .81 2.777 0.77 -2.716
2 1 1.00 0.637 1.78 -0.495 1.03 0.k 0.22 -0.424
0.75 1.05 0.671 0.25 -0.493 1.13 0.316 0.25 =0.459
0.5 1.24 0.639 1.29 -0.601 1.34  0.399 0.36 =0.690
0.4 1.35 0.612 0.36 =0.799 1.45 1.026 0.43 -0.925
0.25 1.68  4.4Y43 0.55 =-1.740 1.80 3.218 0.76 -3.491
0.15 1.88 17.070 0.72 =3.310 1.68 3.127 0.64 -2.190
2.5 1 1.17 0.438 0.18 -0.416 1.12 0.265 0.18 -0.357
0.9 1.17 -.394 0.18 -0.M17 1.11 0.219 0.18 -0.361
0.75 0.82 0.233 0.20 -0.438 1.10 0.125 0.21 -0.390
0.6 0.92 0.089 0.25 =0.529 1.18 0.139 0.26 ~0.484
0.5 1.27 0.573 0.30 -0.694 1.31  0.k72 0.32 -0.625
OO“ l.“& 1.”5 0-’40 '1-075 lokl 01778 0.“0 "00883
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TABLE A,7T  CONTINUED

=20 g = 0.10

tma.x Lumax min puxgin 1"rua.x puma.x tmin pux?in
t; Yo ll Yo 1:l Yo tl Yo
1.49 3,750 0.42 -2.606 1.37 1.269 0.36 -1.298
1.61 7.398 0.52 -4.346 1.4 1.762 0.40 -1.696
1.85 20.63 0.71 -10.49 1.49 2.883 0.49 -2.705
1.9% 20.95 0.80 -15.28 1.53 3.610 0.53 -3.315
1.98 14.11 0.90 -21.48 1.57 4.253 0.57 =3.998
1.00 0.127 1.95 -0.121 1.02 0.065 0.05 =0.104
1.01 0.070 0.06 -0.130 1.02 0.025 0.06 -0.118

0 0 0.13 =-0.303 1.15 0,053 0.16 -0.313
1.25 0.424 0.25 -0.948 1.24 0.504 0.24 -0.663
1.61 1.002 0.51 -5.920 1.37 1.718 0.37 -1.706
1.85 2.868 0.70 -14.80 1.46 2.84k 0.4 -2.757
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TABLE A.8 VALUES OF MAXIMUM AND MINIMUM PSEUDO-VELOCITIES AND ASSOCIATED TIMES
Elasto-Plastic Systems Sub jected to Ground Motion Shown:

At = N

y
t >
nah, ahh, Ak )

B =0 B = 0.10
tlf ‘:x tma.x pu;@lg.x tmin P ugin 1"nua.x pu:ga.x tmin Phoin
Yo t1 Yo ! Yo t;. Yo t1 o
0.1 1 16.6 0.256 1.00 -0.394 6.4% 0.192 1.00 -0.371
0.9 6.60 0.181 1.00 -0.394 2.00 0.166 1.00 -0.371
0.75 2.00 0.1l22 1.00 -0.395 2.00 0.149 1.00 -0.372
0.6 2.00 0.100 1.00 -0.397 2.00 .0.13%0 1.00 -0.374
0.5 7.0 0.094 1.00 -0.399 2.00 0.116 1.00 -0.376
0.k 2.00 0.068 1.00 -0.401 2.00 0.102 1.00 -0.378
0.3 2.00 0.050 1.00 -0.405 2.00 0.087 1.00 ~ -0.381
0.25 2,00 0.041 1.00 -0.407 2.00 0.079 1.00 -0.383
0.15 2.00- 0.025 1.00 -0.410 2.00 0.066 1.00 -0.387
0.1 2.00 0.017 1.00 -0.413 2.00 0.059 1.00 -0.389
0.05 2.00 0.008 1.00 -0.416 2.00 0.051 1.00 -0.392
0.2 1 2.10 0.90k4 0.90 -0.681 2.00 0.831 0.90 -0.616
0.9 2.10 0.907 0.90 -0.681 2.00 0.832 0.90 -0.616
0.75 2.10 0.912 0.90 -0.681 2.00 0.83%6 0.90 -0.616
0.6 2.10 0.769 0.90 -0.685 2.00  0.73%  0.90 -0.619
0.5 2,00 0.660 0.90 -0.69% 2.00 0.651 0.90 -0.627
0.4 2.00 0.547 0.9C =0.70k4 2.00 0.560 0.90 -0.638
0.% 2.00 0.426 0.90 -0.720 2.00 0.46 0.90 -0.652
0.25 2.00 0.359 0.90 -0.731 2.00 0.418 0.90 -0.662
0.15 2.00 0.221 1.00 -0.763 2.00 0.305 0.90 -0.685
0.1 2.00 0.150 1.00 -0.783 2.00 0.268 0.90 -0.699
0.05 2.00 0.073 1.00 -0.809 2.00 0.215 0.90 -0.T716
0.3 1 8.17 1.853 6.50 -1.853 1.88  1.497 3.00 -1.4%5
0.9 1.94 1.809 3,15 -1.600 1.88 1.502 2.95 -1.208
0.75 1.94 1.839 3,08 -1.021 1.88 1.525 2.95 -0.828
0.6 2.00 1.899 0.80 -0.840 1.94 1.571 0.80 -0.7%0
0.5 2.00 1.971 0.80 -0.840 1.9% 1.629 0.80 -0.740
0.4 2.01 1.877 0.80 -0.843 1.94 1.456 0.80 -0.7L49
0.3 2.01 1.553 0.80 -0.863 1.94 1.229 0.80 -0.774
0.25 2.01 1.355 0.87 -0.890 1.94 1.108 0.80 -0.794
0.15 2,01 0.898 0.87 -0.973 1.94 0.824 0.87 -0.861
0.1 2.01 0.627 0.94 -1.042 1.94 0.665 0.87 -0.909
0.05 2.00 0.328 0.94 -1.1%0 2.00 0.499 0.94 -0.971

k



TABLE A.8 CONTINUED

B = O B = O . lO

_l‘_lx ttna.x Plnax min Phiin tma.x pu?ax tm:Ln purpin
“o tl yo 131 yo tl yo tl yo

1 4.00 3.724 5.25 -3.724 3,90 2.088 2.75 -2.501
0.9 L,00 3.%78 2.80 -%.528 1.70 1.85%50 2.75 -2.523
0.75 1.75 2.32% 2.85 -3.604 1.70 1.850 2.80 -2.571
0.6 1.75 2.326 2.90 -3%.585 1.70 1.880 2.80 -1.966
0.5 1.75 2.370 2.90 -2.778 1.75 1.94%9 2,80 -1.443
0.4 1.80 2.499 2.90 -1.785 1.80 2.074 2.85 -0.829
0.3 1.90 2.759 0.70 -0.905 1.85 2.191 0.70 -0.791
0.25 1.95 2.958 0.70 -0.905 1.85 2.024  0.70 -0.803
0.15 1.95 2.348 0.75 -0.963 1.90 1.589 0.75 -0.888
0.1 2,00 1.812 .0.80 -1.071 1.95 1.292 0.80 -0.979
0.05 2.00 1 052 0.90 -1.284 1.95 0.93%8 0.85 -1.119
1 5.52 4.853 6.52 -4.853% 3.48 2.725 2.52  -2.797
0.9 3.52 4,886 2.52 -4.071 3.48 2,218 2.52 -2.814
0.75 3,52  L.027 2.56 -4.101 1.52 1.9%0 2.56 -2.908
0.6 1.56 2.473 2.60 -k4.312 1.56 1.949 2.60 -2.573
0.5 1.56 2.474 2.64  -4.511 1.60 2.024 2.6k -2.,067
0.4 1.60 2.546 2.68 -3.542 1.64 2.192 2.68 -1.hkk1
0.3 1.68 2.819 2.76 -2.277 1.72 2.488 0.60 -0.794
0.25 1.72 3.087 2.80 -1.407 1.76  2.463 0.64 -0.800
0.15 1.88 3.380 0.68 -0.935 1.84 2.077 0.68 -0.897
0.1 1.92 2.862 0.72 -1.050 1.88 1.762 0.76 ~1.025
0.05 2.00 1.876 0.84 -1.362 1.92 1.323 0.84 -1.238
1l 2.92 2.878 2.12 -2.878 3,04 1.74k2 2.16 -1.951
0.9 2.92 2.35 2,12 -2.899 1.28 1.664 2.16 -1.971
0.75 1.28 2.153 2.16 -3.066 1.32 1.683 2.24  -1,7%
0.6 1.32  2.227 2.24 -2.41 1.3 1.808 2.32  -1.405
0.5 1.0 2.408 2.36 -2.120 1.44  2.004 2.44 -1.177
0.4 1.48 2.822 2.50 -l.721 1.52 2.352 2.52 -0.835
0.3 1.60 3.624 0.52 -0.872 1.60 2.h427 0.52 -0.77h4
0.25 1.68 3.677 0.52 -0.886 1.68 2.432 0.56 -0.821
0.15 1.84 3,696 0.64 -1.101 1.80 2.322 0.68 -1.040
0.1 1.92 3.328 0.72 -1.%92 1.84 2.112 0.72 -1.252
0.05 2.00 2.201 0.84 -1.94 1.88 1.727 0.80 -1.565
1 1.00 1l.274 3.50 -1.274 1.0k 0.976 0.40 -0.653
0.9 1.02 1.289 3.50 -1.001 1.06 0.991 0.0 -0.653
0.75 1.08 1l.k2 0.4k0 -0.761 1.16 1.116 0.l0 -0.653
0-6 1-2’# 10855 0.)40 "'00761 low 1035h o.l#O '00659
0.5 1.38  2.116 0.42 -0.777 1.0 1.597 0.2 -0.690
0.4 1.54 2,766 2.56 -1.171 1.52 1.953 2.52 -0.855
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TABLE A.8 CONTINUED

ok

QO O0OO0OK
\n

HOWE NANVO

[oNo e Ne/
v

B =
puma.x 1:'m:Ln pU‘min 1"ma.x puma,x
S’o tl S’o 1-‘1 ﬁyo
1.17 0.438 2.16 -~0.k472 1.12 0.265 0.18
1.17 0.438 2.16 -0.k4h9 1.11 0.219 0.18
1.18 0.300 2.16 -0.h445 1.10 0.125 2.08
0.87 0.1%2 0.23 «0.L488 1.18 0.139 0.26
1.18 0.272 0.28 -0.613% 1.31  0.472 0.32
1.40 1.164 0.37 ~0.921 .41 0.778 0.4
1.57 2.568 2.60 -2.840 1.50 1.704 2.50
1.70 5.496 2.72 ~2.676 1.55 2.314 2.55
1089 80517 0.7]4» -k-}l-l»l 106)"‘ 30%7 0061

A-65




TABLE A.9 VALUES OF MAXIMUM AND MINIMUM PSEUDO-VELOCITIES AND ASSOCIATED TIMES

Elasto-Plastic Systems Subjected to Ground Motion Shown:

AVaUAN JT/\U/\ I A AL,

s.a88 ahaY  whu

p=20 B = 0.10
tlf \_11 tma.x Phnax tmin Phnin tma.x Ploax tmin Plpin
uo tl yo t1 yo tl Yo t’l yo
0.1 1 14.60 0.413 19.60 -0.413 4L.20 0.364 1.00 -0.371
0.9 L. 0.379 1.00 -0.394 4L.00 0.316 1.00 =-0.371
0.75 4.20 0.276 1.00 -0.395 4L.00 0.243 1.00 -0.372
0.6 4L.00 0.181 1.00 -0.397 4,00 0.207 1.00 -0.37k
0.5 4.0 0.172 1.00 -0.398 4,00 0.200 1.00 -0.376
0.4 L4  0.145 1.00 -0.401 4.00 0.176 1.00 -0.378
0.3 L.4o  0.108 1.00 -0.40k4 4,00 0.151 1.00 -0.381
0.25 4.4o 0.088 1.00 -0.406 4L.00 0.138 1.00 -0.38%
0.15 L.20 0.054 1.00 -0.410 4,00 0.117 1.00 -0.387
0.1 L.20 0.038 1.00 -0.412 k.00 0.104 1.00 -0.389
0.05 4,00 0.016 1.00 -0.416 4.00 0.091 1.00 -0.392
0.2 1 2.10 0.904 0.90 -0.682 2.00 0.831 0.90 -0.616
0.9 2.10 0.907 0.90 -0.681 2.00 0.83%2 0.90 -0.616
0.75 2.10 0.912 0.90 -0.681 2.00 0.8% 0.90 -0.616
0.6 4,00 0.832 0.90 -0.685 4,00 0.798 0.90 -0.619
0.5 4,00 0.859 0.90 -0.693 4.00 0.839 0.90 -0.627
0.4 4L.10 0.861 0.90 -0.70k4 k.00 0.762 0.90 -0.638
0.3 4.10 0.725 0.90 =0.T720 4,00 0.661 0.90 -0.652
0.25 4,10 0.632 0.90 =-0.731 4.00 0.607 0.90 =0.662
0.15 4,10 O.k14 1.00 -0.763 4.00 0.480 0.90 -0.685
001 )"'020 00291 1-00 -00783 ’&.00 0.‘-}15 0090 '00699
0.05 4,10 O0.1hk 1.00 -0.809 4.00 0.341 0.90 -0.T16
0.3 1 1.94 1.805 3,08 .-1.805 1.88  1.497 3.00 -1.435
0.9 -1.94  1.811 3.08 -1.483 1.88 1.502 2.95 -1.208
0.75 1.94 1.845 3.02 -0.927 1.88 1.525 2.95 -0.828
0.6 2.00 1.908 0.80 -0.840 1.94 1,571 0.80 -0.TLO
005 l‘ooo 2-066 00% -0-8140 3.95 10701 0080 "007“0
0.4 3,95 2.149 0.80 -0.8uk4 3.95 1.601 0.80 -0.Th9
0.3 3.95 1.969 0.80 -0.866 3.95 1.431 0.80 -0.77h
0.25 4.00 1.818 0.87 -0.894 3,95 1.335 0.80 -0.794
0.15 4,00 1.381 0.87 -0.977 3,95 1.0T1 0.87 -0.861
0.1 4.00 1.040 0.94 -1.046 3.95 0.901 0.87 -0.909
0.05 4,02 0.591 0.9% -1.132 3.95 0.702 0.9% -0.971
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TABLE A.9  CONTINUED
p=20 B =0.10
Bx min pulgin t ax pin.ax 1;m:Ln putgin
Yo ! Yo 1 Yo by Yo
0.4 0.34 -0.777 3.4  0.778 0.b0 -0.883
0.3 2.4k9 -2.893% 3,50 1.709 2,50 -1.410
0.25 2.67 -3.018 3,55 2.317 2.55 -1.661
0.15 0.71 -3.986 3.64 3,207 0.61 -2.316
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TABLEA.10 VALUES OF MAXIMUM AND MINIMUM DEFORMATIONS
AND DISPLACEMENTS WITH THE ASSOCIATE TIMES

Elusto-Plastic System, Damping Factor, p = 0.02, Eureka Earthqueke
Y, * 10,00 in., &o = 12.50 in./sec., 'jo = 0.178 g, Duration of Quake = 20 sec.

:11 Deformations Absolute Displacements
uo tma.x umax tmin umin tma.x xma.x tmin xm:i.n
sec. in. sec. in. sec. in. sec. in.
f =1/25 = .04 cps
1.00 4.80 9.563 12,60 -5.783
0.80 4.80 9.571 10.22 -3.632 19.84 3.3l
0.70 4.80 9.597 10.22  -2.647 19.40 4,963
0.60 17.78 9.868 9.00 -1.872 19.00 6.622
0.50 4.80 9.674 8.64 -1.1T5 18.40 6.182
0.40 4.80 9.72k 8.64 -0.T43
0.30 4.80 9.778 8.64 -0.468 7.20 -0.746
0.25 4.80 9.812 8.64  -0.344 7.06 -0.609
0.20 4L.80  9.8u6 2.80 -0.320 6.96  -0.479
0.15 4.80 9.879 2.80 -0.320 6.88 -0.363
0.10 4.80 9.915 12.60 -0.355 6.72 -0.255
0.05 L.80  9.957 12.60 -0.6T1 6.4h  -0.146
f =1/15 = 0,067 cps
1.00 4.80 8,861 9.00 -7.897 15.60 6.218 8.64 -7.955
0.818 1h.96 9.724 8.64 -5.920 15.34  7.519
0.716 14.78 9.885 8.64 -L,569 15.10 7.573
0.614 14.60 9.911 8.60 -3.289 14.96 7.518
0.511 14,56 9.237 8.60 -2.382 14.88 6.811
0.409 4,80 9.329 8.60 -1.63k4 14.88 5,840
0.307 4.80 9.479 8.64  -1.047 14,80 L4.618
0.256 4.80 9.567 8.64 -0.760 14,78  3.987
0.205 4.80 9.656 8.64 -0.509 14.78  3.308
0.153 4.80 9.745 8.64 -0.307 14.78  2.557 6.74 -0.781
0.102 4.80 9.843 2.80 -0.270 6.60 -0.500
0.051 4.80 9.953 2.80 -0,270 6.20 -0.223
f = 1/10 = 0.1 cps
1.00 12.00 9.603 18.06 -9.616 12.36  9.562 17.66 -13.10
0.80 4,60 7.688 T.44 -9.117 12.50 7.019 17.84 -12.00
0.70 4.60 7.766 T.44  -T7.849 12,50 6.468 17.84 -10.34
0.60 4.70 7.911 T.44 6,389 12.50 6.133 17.96 -8.382
0,50 4.70 8.130 7.00 -L4.96k 12.60 5.738 7.10 -6.727
0.40 4.80  8.427 6.96 -3.530 12.66 5.346 7.06 -5.270
0.30 4.80 8.773 8.8 -2.337 12.88  L4.567 6.96 -3.8Th4
0.25 4.80 8.982 8.58 -1.735 13.00 4.140 6.88 -3.123%
0.20 4.80 9.193 8.60 -1.27 13.16 3.613 6.80 -2.420




TABLE A.10 CONTINUED

CQOOOOH

loNoNoNoNo N
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582388

0O0O0O0O0O0 OCOOQQOO0OH
S6588%

©o0o ©o0Q000OVF
BRE &83388

(ool o)

Deformations Absolute Displacements
uma.x f'min umin tmax xma.x tmin xmin
in. sec. in. sec. in. sec. in.
4,80 9.403 8.60 -0.779 13.38  3.007 6.72 -1.762
4.80 9.641 8.64 -0.370 13.78  2.417 6.62 -1.102
4,80 9.902 1.00 -0.213 6.32 -0.450
£ = 1/T = 0.143 cps
9.90 11.009 6.32 -11.83 10.00 11.139 6.38 -13.62
3.98 7.067 6.60 -12.06 10.12 6.380 6.44 -13.76
3.98  T7.067 6.62 -12.37 10.32  3.855 6.58 -14.00
3.98 7.067 6.62 -12.78 10.40 1.37h4 6.72 -14.%0
3.98 7.087 6.62 -11.03 10.54 0.876 6.72 -12.66
3,98 7.151L 6.62 -9.090 10.60 0.614 6.72 -10.T72
3.98 T.269 6.62 -6.970 10.72 0.585 6.78 -8.613
4.60 7.485 6.62 -5.7T42 10.86 0.745 6.78 -7.383
L.70 7.887 6.62 -4,282 10.98 1.111 6.78 -5.910
4.80 8.354 6.62 -2.830 11.20 1.525 6.72 -4.uu8
4.80 8.903 ~ 8.58 -1,484 11.46 1.816 6.72 -2.955
4.80 9.550 8.64 -0.531 13.48  1.324 6.58 -1.351
£ =1/5 = 0.2 cps
8.22 12.272 5.88 -12.61 8.32 11.56 5.76 -15.86
8.22° 6.697 6.12 -13.14 - 8.40 6.043 5.84 -15.92
3.90 6.273 6.18 -13.57 8.0 2.903 5.88 -16.07
3.90 6.273 6.18 -14,17 3.12 0.429 5.9% -16.32
3.90 6.273 6.22 -14.95 3.12 0.k429 16.20 -16.97
3.90 6.307 6.22 -13.08 3.12 0.429 6.12 -14.85
3.90 6.448 6.24 -10.59 3,12 0.429 6.18 -12.32
3.96  6.569 6.24 -9.25 3.12 0.429 6.22 -10.9€
3,96 6.74b 12.46 -7.987 3.12 0.k429 6.32 -9.495
3.96 6.962 12.60 -T.363 3.12  0.429 16.20 -8.853
4,68 7.395 15.84 -6.916 3.12 0.429 19.80 -9.343
4.80 8.59% 8.58 -2.06) 3.12 0.430 19.08 -4.252
£ = 1/4 = 0.25 cps
7.56 13.24 5.70 -11.82 7.52 11.521 5.52 -16.35
7.58 10.87 5.70 -11.89 7.56 9.134 5.52 -16.36
7.60 7.990 5.76 -12.08 7.58 6.248 5.52 -16.39
3.84 5.476 5.76 -12.49 7.60 3.022 5.52 -16.51
3.84 5.476 5.84 -13.17 3.00 0.413 5.60 -16.76
3.84 5.477 5.84 -13.65 3.00 0.413 5.70 -16.86
3.8% 5.585 6.12 -11.46 3.00 0.413 5.76 -14.26
30” 507% 6018 "10053 }.00 Oo,‘lj 5»76 ‘12081
3.90 5.907 6.20 -9.033 3.00 0.413 19.14 -11.42
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TABLE A.10 CONTINUED

Deformatiohs Absolute Displacements
1"1.:_ua.x “ma.i: t"m:!.n | “min tma.x *nax Ynin *nin
sec, in. sec. in. sec. in. sec. in.
3,90 6.191. 15.76 -T.956 3.00 0.413 19.20 -10.k49
3.96 6,588 12.60 -6.813 3,00 0.413. 18.96 -8.887
4,68  T.461 12,60 -5.046 3.00 0.413 18.84  -7.532
£ =1/3 = 0.33 cps
1.00 9.72 10.61 8.28 -10.75 9,78 10.51 5.08 -15.64
0.80 6.84 10.78 5.28 -T.974 9.78 10.29 5.08 -15.64
0.70 6.88 10.14 5.34 -7,986 9.84 9.607 5.08 -15.64
0.60 6.90 7.908 5.34 -8.161 13.02 T7.393 5.08 -15.64
0.50 13.26 5.250 5.52 -8.68) 13.08 4,863 5.10 -15.68
0.40 3.72 k4,352 5.56 -9.624 13.16 1.835 5.16 -15.T7
0.30 3,78 4,491 5.64 -8.001 13.26  1.627 5.22 -13.49
0.25 3.84 L.643 576 -7.210 13.38 1.450 5.22 -12.21
0.20 3.84  4.903 5.82 -6.321 13.44  1.324 5.28 -10.77
0015 }-8“ 502“8 5.82 "50‘*67 2-16 0031‘1 5.1‘0 -9.%“
0.10 3.90 5.793 12.36 -5,088 2.16 0.341 5.6 =T.573
0.05 3.96 6.554  12.54 -6,hk) 2.16 0.34) 18.48 -8.010
£ =1/2.5 = 0.4 cps
1.00 6.42 7012 10,22 -6.69% 9.00 6.591 4.80 -14,63
0.80 6.4k 7.268 5.10 -5,113 9.02 T.034 4.80 -14.63
0.70 9.12  T.243 5.10 =5.115 9.06 T.2L4 4,80 -14.63
0.60 9.18 6.112 5,10 5,428 9.16 6.020 4,86 -14.70
0050 9030 “ohl? 5022 '50“0 9'2,‘ “'239 ho% 'l“.)h
0.40 9.38 41T 5.46 -h.92k4 9.38 3,925 4.96 -12.96
0'30 3-78 h'l& 5056 "u0587 90“8 211‘02 500“ "11056
0.25 3.78  k.422 5,60 4,161 9.54 1.931 5.04 -10.30
0.20 3.84 4,792 5,76 -3.608 13.26 2.305 5.10 -9,01k4
0.15 3,90 5,24k 5.82 -3.202 13.38  2.313 5.20 -7.681
o.lo Btm 50%1 6018 "20922 130}8 0.5)‘5 Souo -6a252
0.05 L.62 6.73 12.50 -4.858 1.80 0.32% 18.34 -6.188
£ =1/2 = 0.5 cps
1.00 19.02  3.228 4,38 -4,986 12,96 3.325 4,50 -13.50
0.80 3.5  3.221 k.44 -5,066 12.88 2.055 k.56 -13.TL
0.70 3.56  3.22) L,k  -5.190 12.84 1.320 4,62 -14.0k
0.60 3.56 3,225 LUk -4.8Bo3 12.78 1,15 4.68 -13.91
0.50 3,60 3.283 b.hs 3,819 12,84  3.554 4,70 -13.03
0.40 13.20 5.20 -3.069 13.02 4.683 4,80 -12.03

4,753
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TABLE A 10 CONTINUED

Deformations Absolute Displacements

umax %min umin 1"nmx *max tmin xmin

in. sec. in. sec. in. sec. in.
0.30 L4.488 5.92 «-2,858 13.08 3,918 4.88 -10.81
0.25 4.030 5.56 -3,001 13.14  2.738 4,96 -10.06
0.20 4,518 5.64 2,769 13.16 2.309 5.04 -8.871
0.15 5.132 5.76 -2.581 13.20 1.904 5.16 ~7.516
0.10 5,902 6.18 -2.619 13.26  1.026 5.40 -6.194
0.05 - 7.03%0 8,52 -2,9% 3.12 0.419 5.76 -4.640

£ = 1/1.5 = 0.67 cps
1.00 6.27  L.u433 7.00 -4,162 10.68  3.795 4,23 -11.69
0.80 6.30  3.668 5-32 -4.024 12.27 3.311  L4.23 -11.70
0.70 6.30 2,723 5.49 k4,153 10.68 2,510 4,26 -11.77
0.60 3.51 1.942 5.49 4,287 10.68 1.760 4,28 -11.95
0.50 3.510  1.942 5.46 4,471 10.65 1,042 4,35 -12.28
0.40 3.5,  1.947 5.43 4,495 10.65 0.554 4,41 -12.39
0.30 3.54 2,073 5.43 4,105 2.79 0.512 5.04 -11.72
0.25 3.56 2.266 5.49 -3,975 2,79 0.512 5.01 -11.57
0.20 3.60 2.584 5.52 -3.942 2.79 0.511 5.01 -11.20
0.15 3,63  3.052 5.58 <4,078 2.79 0.512 5.01 -10.58
0.10 3.81  3.853 5.79 «k.397 2.79 0.512 5.16 -9.365
0.05 3.90 5.218 6.18 -5.138 2.79 0.512 5.58  -T.Tuk
£ = 1/1.25 = 0.80 :
1.00 5,91  5.438 5.25 -4,9U49 8.43 3,383 5,20 -12.36
0.80 5.94 4,356 5.25 -4.979 8.46 2.553 5.20 -12.36
0.70 4,68 3.4k 5.8 <5.119 8.k9 1.598 5.20 -12.39
0.60 4,68  3.417 5.31 =5.003 8.52 0.946 5.22 -12.16
0.50 h"{o 20%3 5031 Qhohm 8.55 00722 5022 -uoss
0.40 LT71  1.698 5.34  -4.Tho 2.43 0.499 5.20 -11.81
0.30 A48 1.599 5.40  ~5.564 2.43  0.499 5.20 -12.53
0.25 §.ue 1.622 5,46 5,607 2.43 0.499 5.19 =12.45
0.20 }052 l'ma 50“9 ’50“22 20“5 0.‘699 5019 -12009
0.15 3.56 2.176 5.52 -h.753 2.43  0.499 5.13 -11.42
0.10 3.63 2.85 5.58 4,216 2.43  0.499 5.10 =10.53
0.05 3.84 h.222 5.82 -4.519 2.43 0.499 5.8 -8.810
£ =1cps

1.00 5‘55 2099“ 5.07 '50% 120& 20501 ho% "12039
0.80 ,‘QSB 10872 5007 '50,‘01 12065 10517 u-% -12.39
0.70 k,53 1,872 5.08 -3.533 12.63 0.958 4,98 -12.41
0060 huS} l0872 5'10 '}o?& 3005 00501 5001 -12.1&8
0.50 4.5  1.884 5.13 -3.5% 3.03 0.501 5.01 -12.07
Q.‘OO ho% 10729 5019 .502” 310’ 0.501 5:0“ -11.52




TABLE A.10 CONTINUED

OO0OO0OOOW

\-J.x Deformations Absolute Displacements
Y tma.x umax 1"lnin um:Ln tmax xma.x tmin *min
sec. in. sec. in. sec. in. sec. in.
0.30 4.59 1.148 5.25 -3.464 3.05 0.501 5.08 -11.27
0.25 3.27 1.187 5.34 -3.973 3.035 0.501L 5.10 -11.48
0.20 3.51 1.550 5.46 -4.231 3.03 0.501 5.13 -11.37
0.15 3,54 2.250 5.2 -4.289 3.035 0.502 5.13 -10.86
0.10 3.63 3.338 5.61 -4.302 3.03 0.505 5.16 -10.N9
0.05 3.84 4.894 5.82 -3.560 T 3,06 0.377 5.28 -7.818
£ =1/0.7 = 1L.43 cps
.00 5.97  l.bhbb 4,92 -1.168 12.54 1.216 4,88 -11.14
.80 5.97 1.447 b,92 -1.168 12.56 1.588 4.88 -11.14
70 5.97 1.121 4,96 -1.215 12.56 1.L49 4.88 -11.14
.60 4.53 0.770 5.0L -1.407 12.56 1.088 4.88 -11.17
.50 4.53% 0.771 5.06 -1.629 12,57 0.625 4.91 -11.13
40 4.53 0.804 5.09 -1.615 2.54 0.443 4.91 -10.85
0.30 4.53 0.777 5.15 -1.819 2.54 0.443 .94 -10.70
0.25 3.27 0.848 6.17 -2.249 2.54 0.443 4.96 -10.62
0.20 3,51 1.333 5.30 -2.129 12.62 0.599 5.00 -10.17
0.15 3.56 2.037 5.51 -2..407 12.66 0.448 5.04 -9.6Th
0.10 3.63 2,931 5.60 -3.140 2.54 0.43%0 5.08 -9.411
0.05 3.84 4.338 5.81 -3.659 2.57 0.373 5.22 -8.177
f = 1/0.5 = 2 cps
1.00 6.83  1.317 6.59 ~1.317 12.76 1.060 4.73 -10.56
0.80 6.35 1.108 6.59 -1.231 12.75 0.850 k.73 -10.56
0.70 6.35 1.128 6.59 ~0.946 12.7+ 0.991 4.73 -10.56
0.60 6.36 1.175 4L.71  -0.T749 12.71  1.1k9 4.73 -10.56
0.50 6.36 0.974 6.09 -0.821 12.68 1.088 L.74 -10.58
0.%0 6.38  0.635 6.09 -0.941 12,65 0.905 4,76 <10.67
0.30 L.46  0.310 6.11 -1.046 12.63 0.776 4.79 -10.77
0.25 3.5,  0.262 6.12 -1.093 12.63 0.727 4.82 -10.86
0.20 3,61  0.262 6.14 -1.508 2.87 0.452 4,83 -11.01
0.15 3,50 0.266 6.15 -1..888 2,87 0.452 4.88 -10.99
0.10 3.50 0.460 6.15 -2.150 2.87 0.452 4.94 -10.56
0.05 3,63 2.512 5.58 -2,454 12,65 0.617 5,03 -9.009
f= l/Q.u = 205 cps
1.00 T.54  0.983 7.74  -1.024 12.74 1.278 4,86 -10.28
0.80 6.7Th  0.936 6.5 -0.818 12,74 l.262 4.86 -10.28
0.70 6.T4  0.735 6.54 -0.824 12,74  1.132 4.86 -10.28
0.60 6.33 0.60k 6.56 -0.845 12.74 0.993 4.86 -10.28
0.50 6.35 0.526 6.56 -0.735 12.T4  0.973 4.8 -10.32
0.4%0 6.3% 0.4k6 4,07 <0.665 12.74 0.981 4.88

-10 . 36
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TABLE A.10 CONTINUED

\-lx Deformations Absolute Displacements
uo tma.x uma.x tmin um:Ln tmax *nax tmin xmin
sec. in. sec. in. sec., in. sec, in.
0.30 3,50 0.366 5.6  -0.773 12.74  0.857 4.77 -10.30
0.25 3.50 0.379 5.48 -0.855 12.74+ 0.811 L.76 -10.24
0.20 3,51 0.400 5.49  <0.927 12.74 0.705 4,77 -10.26
0.15 3,51 0.419 6.12 -1.091 12,74 0.4Th 4.83 -10.46
0.10 3.50 0.472 6.14 -1.848 2.73 0.408 4L.89 -10.62
0.05 3.5T 1.506 5.52 -2.,u482 2.78 0.429 L.98 -9.844
f =1/0.3 = 3.33 cps
1.00 6.23 0.481 L.g2 -0.416 12.62 1.024 4.90 -10.33
0.80 6.23 0.446 4,93 -0.417 12.62 1.088 %.90 -10.33
0.70 6.24 0.362 L.93 <0.431 ©12.65 1.054 .90 -10.33
0.60 L.4%0 0.218 4.95 -0.501L 12,63 0.947 4,90 -10.35
0.50 3.78 0.182 L.,98 -0.710 12.63 0.695 L.gl -10.44
0.40 3.00 0.168 6.06 -1.071 2.70 0.460 4.92 -10.53
0.30 3.01 0.171 5.06  -1.1uk 2.70 0.460 L.l -10.59
0.25 3.45 0.235 5.06 -1.194 2.70 0.460 4.90 -10.60
0.20 3.48 0.347 5.08 ~1.177 12.65 0.459 4.89 -10.55
0.15 3,50 0.481 5.6 -1.,193 12.63 0.472 4.86 -10.46
0.10 3,5 0.539 5,50 =1.721 2.7T4 0.383 4.90 -10.40
0.05 3.60 1.884 5.54 -2.220 12.61 0.610 4.98 -9.382
£ = 1/0.25 = 4 cps
1.00 6.64 0.291 4,.88 -0.278 12.63 0.992 4.87 -10.29
0.80 6.64 0.170 6.00 -0.347 12.62 0.926 4.87 -10.29
0.70 L. T4 0.166 6.0 -0.372 12.62 0.892 4.87 -10.30
0.60 3.0  0.149 b,92 -0.3% 12.62 0.898 4,88 -10.%1
0.50 3,450  0.149 4,97 -0.497 12.62 0.8%0 4.89 -10.36
0.ko0 3.41 0.158 5.02 -~0.T17 12.61 0.63%0 4.89 -10.42
0.30 3.45  0.205 5.06 -1.013 12.61 0.438 4.90 -10.49
C.25 3.47  0.211 5.08 -l.241 2,87 0.37h4 L.,90 -10.58
£ =1/0.2 = 5 cps
1.00 5.54 0.139 6.01 -0.151 12.65 0.982 4.8% -10.18
0.80 5.5k 0.118 6.0L ~0.1lh4 12.65 0.959 4.8% -10.18
0.70 5.54 0.0850 6.01 <0.149 12.65 0.939 4L.8% -10.19
0.60 3.3 0.0750. 6.00 ~0.1l75 12,65 0.899 4.85 -10.22
0.50 3.3k  0.0751. 6,02 <0.313 12.65 0.748 4.86 -10,26
0.%0 3.34 0.0784 5.02 0,562 12.65 0.555 4.87 -10.34
0.)0 5038 00105 5007 '11021 2-7“ 0.)55 hn89 ‘100%
0.25 3.46 0.180 5.10 =1.341 2.7 0.3955 4,90 -10.62
OOm 50“9 00279 Sujh "10512 207“ 00556 “089 '10065
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TABLE A.10 CONTINUED

\_11 Deformations Absolute Displacements
uo 1"nm:a: uma.x tmin umi.n tma.x xma.x t"mj.n xmin
sec. in. sec. in. sec. in. sec. in.
£ = 1/0.15 = 6.67 cps
1.00 5.85 0.0826 3.8% -0,0837 12.62 0.97h4 4,86 -10.08
0.80 3,75 0.0691 3,99 -0.0823 12.62 0.973 4.86 -10.08
0,70 3.75 0.06T7 L.,91 -0.0788 12.62 0.970 4.86 -10.08
0.60 3,76 0.0512 4,92 -0.0942 12.62 0.947 4.86 -10.09
0.50 3,43 0.0364 4,93 -0.0992 12.62 0.917 4,85 -10.11
0.40 3,43 0.0367 6,51 -0.173k 12.62 0.862 4.84 -10.13
0.30 3.45 0.0451L  6.53% -0.6352 12.62  0.426 4.85 -10.27
0.25 3.46 0.0523 6.07 -0.9678 2.81 0.353 4.88 -10.37
£ = 1/0.125 = 8 cps
5.49 0.0415 6.46 -0.0466 12.61 0.970 4.83 -10.06
3.73 0.0291  6.48 -0.0883 12.61 0.915 4.84 -10.06
3,75 0.0210 6.48 -0.1127 12.61 0.886 4.8% -10.07
3.38 0.0206 6.49 -0.1370 12.61 0.858 4.84 -10.08
3.38 0.0206 6.50 -0.1752 12.61 0.820 4.84 -10.08
£ =1/0.1 = 10 cps
1.00 5.85 0.0225 3.6k -0.0217 12.61 0.968 4.84 -10.06
0.90 5.85 0.0202 4,90 -0.0227 12.61 0,968 4L.84 -10.06
0.80 3.10 0.0124 6.46 -0.0293 12.61 0.957 4.84 -10.06
0.75 3,10 0.0124  6.47 -0.0k06 12.61 0.945 4.84 -10.06
0.70 3,10  0.01.24 6.47 -0.0632 12.61 0.921 4.84 -10.07
0.65 3.10 0.0124 6.8 -0.1088 12.61 0.874 4L.84 -10.07
0.60 3,00 0,0124 6.49 -0.1501 12,61 0.832 4.84 -10.08
0.50 3.43 0.0137 6.50 -0.2953 12.61 0.686 4.84 -10.09
0.40 3,45  0.02k4  6.54 -0.6375 12.6] 0.384 4.85 -10.15
0.30 3.48 0.1246 5.6 -1.186 2.82 0.360 4.88 -10.42
0.25 3.49  0.2195 5.47  -1.462 2.82 0.%60 4.89 -10.52
£ = 1/0.05 = 20 cps
1.00 5.8k 0.00423 4.89 -0.00487 12.61 0.967 4.84 -10.05
0.90 L.bh  0.00359 4.92 -0.00909 12.61 0,962 4,84 -10.05
0070 ‘hm‘ 0.“)296 61“7 '00102? 12061 0.868 16.8‘6 -10005
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TABLE A.11 VALUES OF MAXIMUM AND MINIMUM DEFORMATIONS
AND DISPLACEMENTS WITH THE ASSOCIATED TIMES

Elasto-Plastic Systems, Damping Factor, p = 0.02, E1 Centro Earthquake
y, = 8.28 in., v, =13.68 in./sec., ?o = 0.32 g, Duration of Quake = 29.5 sec.

Deformations Absolute Displacements
(e} tma.x uw tmin umi.n tmax xma,x tmin xxn‘:l.n

sec. in. sec. in. sec. in. sec. in.

£ =1/25 = 0.04 cps

1.00 10.92 11.03 25.39 -8.797 11.33 7.019 24,85 -6.695
0.80 10.92 11.03 k.33 -7.670 11.52 7.070 25.39 -2.662
0.70 11.00 11.05 4L.33 -7.670 11.82  7.141 25.80 '-0.739
0.60 10.92 9.909 4.33 .7.6TL 11.40 5.886 o} 0
0.50 10.92 8.680 4.33  ~7.677 10.92 4.616 0 0
0.40 10.86  T7.502 4.33 -7.686 10.48  3.463 0 0
0.30 22.00 7.028 L.33 -T7.619 22.20 k4.253 0 0
0.25 10.86 6.169 4,33 -7.686 21.60 2.951 0 0
0.20 10.86 5.589 L.33  -7.773 20.78 1.753 29.48 -0.038
0.15 10.86 5.287 4.33 -7.826 9.72 1.327 29.48  -0.591
0.10 10.86 4.866 4,33  -7.904 9.40 0.919 29.48 -0.382
0.05 10.86 4.585 4.33 -7.992 9.26 0.606 29.48  -0.659
f = 1/15 = 0.067 cps
1.00 10.80 12.87 15.58 -9.608 9.62 10.17 16.54 -9.224
0.80 10.80 12.94 4.33 -7.202 9.62 10.17 16.12 -4,.540
0.70 10.80 13.10 4,33 -T7.202 9.72 10.17 15.90 -1.925
0.60 10.86e 13.47 4.33 -7.202 9.80 10.24 0 0
0.50 10.86 12.ks 4.33 .7.205 22,00 9.l1h 0 0
0.40 10.86 10.32 4.33 -T.222 21.59 T.u465 0 0
0.30 10.86 8.795 4,33 -7.040 9.5 5.551 0 0
0.25 10.86 8.161 4,33 -6.893 9.18  L4.949 29.48 -1.251
0.20 10.86 6.832 4.33  -7.105 8.82 3.664 29.48 3,254
0.15 10.86 6.936 bh.33 -7.276 9.k0 3.311 29.48 -2.489
0.10 10.86 5.928 4.33 -7.478 9.04 2.275 29.48 -1.213
0005 10.86 501“ ,‘0)3 "707"‘8 8069 lo})h 290% -106%
£ = 1/10 = 0.10 cps

1.00 28.23 17.09 13.29 -15.57 18.34 14,17 23.60 -15.34
0.90 28,25 16.81 13.29 -15.57 18.34 13.80 23.65 -15.37
0.80 28.25 13.35 13.78 -15.78 8.49 11.98 23.75 -15.76
0.70 8.80 10.52 13.78 -16.18 8.49 11.98 23.87 -16.36
0.60 8.80 10.52 24.80 -17.19 8.49 11.98 24,00 -16.68
0.50 8.80 10.59 24.85 -14.73 8.56 12.00 2L.17 -13.69
0.% 8.82 10.18 2hk.89 -12.81 8.60 11.52 2h.bo -11.26
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TABLE A-11 CONTINUED

\-11 Deformations Absolute Displacements
uo t'ma.x uma.x tmin umin xxna.x tmin xm:Ln
sec. in. sec. in. in. sec. in.
0.30 10.56 7.588 24,93 -12.51 8.4T4 24k .40 -10.764
0.25 10.56 6.768 24.93 -12.01 7.581 24,48 -10.170
0.20 10.56 6.080 24.93 -11.51 6.782 24.62  -9.568
0.15 10.80 6.092 24.93 -9.548 5.672 29.48  -7.791
0.10 10.86 7.687 4.33 -6.505 5.194 29.48 -2.428
0.07 10.86 6.562 4.33 -6.884 3.767 29.48  -1.648
0.05 10.86 5.9%2 4,33  -7.176 2.871 29.48 -2.339
£ =1/7 = 0.143 cps
1.00 22.06 15.78 18.69 -15.82 . 15.78 18.85 -15.20
0.90 15.41 14.53 25.4%0 -15.38 . 15.78 18.95 -1k.71
0.80 15.74  14.04 11.82 -13,03 . 15.13 11.80 -13.8%
0.70 15.74 11.16 11.82 -13.04 . 13.68 11.80 -13.84
0.60 8.33 9.706 11.82 -12.68 7.68 13.68 11.82 -13.48
0.50 8.33 8.907 11.82 -10.4 7.68 12.75 11.82 -11.20
0.40 2.60 6.211 12.60 -10.95 7.70 9.544 12.08 -11.02
0.30 2.60 6.2k40 12.92 -10.41 7.60 8.042 12.20  -9.753
0.25 2.63 6.281 13.00 -10.12 T.40  T.4T4 12.33 -9.026
0.20 2.67 6.399 13.00 -9.279 7.3%  T.423 29.48 -8.56L
0.15 2.67 6.268 24.95 -7.833 7.70 8.212 29.48  -6.637
0.10 10.80 7.183 24k.93  -6.342 8.17 T7.32 k.24  -4.625
0.07 10.80 6.409 24,93 -6.411 8.17 5.533 24,07  -kh.7%2
0.05 . 10.80 5.983 4.33 -6.519 8.17 4.322 24.00 -4.639
0.03 10.86 5.724 4.33 -7.042 8.17 3.106 24.00  -4.243
f =1/5 = 0.2 cps

1.00 26.40 10.44 28.56 -12.02 6.38 15.52 28.68 -15.00
0.80 26.40 8.172 28.68 -12.89 6.38 12.71 28.68 -15.89
0.70 2.55  6.475 28.68 -12.59 6.38 10.20 28.68 -15.60
0.60 2.55 6.475 28.68 -12.31 6.48 T.58 28.68 -15.32
0.5 2.55 6.481 28.68 -11.27 6.55 5.488 28.68 -14.28
0.L40 2.55 6.583 4,22 -9.219 6.36 5.014 22.80 -11.19
0.30 26.53  8.602 4,21 -6.462 26.20  6.997 11.16 -6.963
0025 %06)‘ 10003 ‘0.20 -h.970 702} 80598 2}019 -h-629
0.22 26.64 9.257 4,20 -4.050 7.33 9.893 23.39 -4.003
O.m 27-“6 70%7 hom -307w 7.1‘0 lo-hu 2}.52 ‘u0296
0.15 8.44 7.631 24,78  -7.063 T7.70 10.48 23.75 -6.998
0.10 2.64 6.27L 24.85 -9.770 7.68 8.287 23.75 -9.136
0.05 10.80 5.434 24.89 -8.839 7.79 5.297 23.65 -7.629



A,11 CONTINUED

Deformations Absolute Displacements
uma-x U'min tma.x xmax tm:Ln xmin
in in. sec. in. sec. in.
f =1/4 = 0.25 cps
1. 13.91 3.94 -11.85 5.52 18.5L 27.96 -13.58
0. 12.73 3.96 -11.87 5.61 17.49 28.08 -11.18
0. 9.845 3.96 -12.06 5.61L 1k4.51 28.08 -12.11
0. 6.302 4,01 -12.97 5.61L 10.86 28.11 -13.71
0. 6.050 4,01 -13.42 5.61 6.590 28.20 -15.99
0. 6.067 4.08 -13.46 1.95 4.269 e8.23 -15.87
0. 6.581 4.08 -10.06 5.52 4.389 28.32 -9.833
0. T.122 4L.08 -7.874 7.32 6.233 28.35 -6.216
0. T. 744 4.08 -5.537 7.0 9.137 11.76 -3.931
0. 10.82 4.08 -=3.470 7.40 11.87 0 0
0. 8.427 4,17 -3.706 7.40 10.48 22.88 -2.526
0. 5.945 24,85 -9.220 T.46  T.211 23.64 -8.724
f =1/3 = 0.33 cps
1.00 3.62 18.04 9.26 -17.72 7.70 21.97 12.12 -18.39
0.90 4,98 15.66 9.30 -17.82 4L.86 21.49 12.12 -18.64
0.80 5.04 15.82 9.30 -15.40 4.86 21.53 12.12 -16.44
0.70 5.04 16.49 3.36 -11.56 L,g2 21.78 12.08 -12.24
0.60 5.07T 15.75 3.36 -11.58 7.70 21.3%0 3.24 -9.702
0.50 5.10 12.62 3,37 -11.76 7.70 18.07 3.24  -9.733
0.4 5.16 9.435 3.42 -12.21 7.68 1h4.31 3.32  -9.953
0.30 5.22 6.375 3.8 -11.82 7.56 11.1k 27.30 -8.813
0.25 1.90 6.22% 3.90 -10.77 7.46 10.35 27.36  -9.486
0.20 1.90 6.336 4,01 -9.915 7.38  9.434 27.42 -10.75
0.15 2.33 6.751 4.02 -8.609 7.26  9.141 27.58 -10.65
0.10 2.55 8.222 12.48 -5.208 T.14 11.05 27.84" -8.104
0.05 2.58 7.22% 12.92 -5.119 7.09 9.503 22.94 -5.772
f =1/2.5 = 0.4 cps
1.00 7.0r  15.89 5.80 -15.88 T.0L 23.29 10.92 -15.76
0.80 4.57 12.09 5.82 -16.13 4,50 18.96 10.98 -16.96
0.70 .57 12.12 5.82 -14.36 L.50 18.96 11.00 -15.79
0.60 4,62 11.82 5.88 -11.55 4.50 18.51 11.05 -13.72
0.50 4,62 8.891 5.88 -11.33 4.56 15.31 11.10 -1h.k2
0.40 L.68 5.936 11.22 -11.26 L.62 11.99 11.22 -15.19
0.30 1.86 5.823 11.70 -10.47 4,76 10.83 11.40 -13.55
0.25 5.12 5.936 3.36 -2.218 4,86 11.03 27.30 -9.981
0.20 .1 . 3.37T -6.62% 7.09 13.12 27.4k2 -7,
0.15 13.20 Z.;ﬁz 3.90 -2.222 Z.gg 13.32 27.22 -%.%%g
0.10 2.3 T.247 27T. -6.262 . 9. 21. -9.332
0.05 2.58 7.313 12.28 -6.848 6.91 9.278 22,80 -?.ééu




TABLE A.11 CONTINUED
| Deformations Absolute Displacements
Yy Unax Yain Ynin max *max *nin
in. 8sec. in sec. in. in.

£=1/2= OA.5O cps
1.00 12.33 7.486 1.3 -6.710 6.47 13.75 '10.53
0.90 12.33%  7.55L  11.34 -6.T710 6.47 13.75 -10.53
0.80 12.36  6.049  11.40 -6.779 6.47 13.75 -10.57
0.70 6.53 5.952  11.40 -5.819 6.48 14.00 ~9.547
0.60 6,60 6.190 2.94 -5.127 6.56 14.12 -8.272
0.50- 6.60 4,554 5.70 =~5.142 6.60 12.W =T T3
0.4 1.80 4,636 11.64  -7.045 L,26 10.62 =10.45
0.30 1.80 5.004 11.70 -6.299 4.50 10.50 -9.489
0.25 1.80 5.357 11.70 -5.610 4,68 10.83 -8.705
0.20 5.16  7.622 3.37T -2.6T4 6.78 12.49 -3.481
0.15 1,90 6.753 4,00 -4.359 6.72 11.05 -6.425
0.10 2.55 7.362 11.82 -6.575 6.72 9.196 -8.896
0.05 2.8 6.591 12,96 -8.253 6.84 8.4 -9.770

= 1/1.50 = 0.67 cps
1.00 6.30 5.166 8.61 -4,998 6.27 13.38 11.55 -T7.136
0.80 12.27 5.390 5.61 -3,489 6.30 13.50 2.33 -5.277
0.70 9.48 5.531 5.61 -3.489 6.33 13.69 2.33 -5.277
0.60 6.36 k.556 5.61 -3.735 6.3 12.73 2.34  -5.333
0.50 27.58 2.359 5.67 -4.ThL 6.39 10.44 28.29 -6.076
0.4 1.7+  1.868 5.76 -6.030 6.42 7.670 28.26 -8.671
0.30 1.74 2.223 28.32 -5.451 k.50 8.044 28.29 -8.466
0.25 1.77 2.893 28.32 -5.316 k.so 8.273 28.29 -8.327
0.20 1.80 3.827 27.03  -5.436 4.53 8.544 28.29 -8.407
0.15 5,15 5.759 3.36 -1.815 4.83 10.55 29.48  -4.597
0.10 2.55 5.813 4.0L -4.238 6.54 8.767 28.14 -6.469
0.05 2.58 6,654 12.90 -6.649 6.66 8.927 28.14 -8.088

=1/1,25 = 0.80 cps
1.00 5.179 6.78 -h.622 6.15 13.44 27.99 -5.527
0.80 5.309 5.52 ~3.678 6,18 13.58 27.99 -h.h24
0.70 5.516 5.55 «3.679 6,20 13.67 29.31 -4.0%
0.60 5.546 5.5 -3.273 6.22 13.11 2.22 -3.921
0.50 5.096 5.58 «3.442 6.24 12.02 2.22 -3.924
o.ko “0877 3016 -5.“‘58 6027 11.08 2.9,‘ -hol%
0.30 b.263 3.%6 -i.gga 2.;2 3.627 ii.}g -g.ggg
0.2 [] 50 5 A &) 2 . . od! ad * XY
o.a? io& 5979 "‘o&l “.56 6.%9% 11.22 -7.995
0.15 20185 8067 '50997 “059 6.599 llol9 '90291
0.10 3.590 3.37 ~h.154 4.86 8.165 11.16 -7.220
0.05 6.479 11,79 -4.302 6.51 8.9u8 29.48 -7.201
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TABLE

A1} CONTINUED

EZ Deformations Absolute Displacements
Y% tmax Yinax txiiin Ynin tmax *pax tmin *nin
sec. in. sec. in. sec. in. sec. in.
f =1 cps
1.00 4.50 5.967 ©  4.95 -5.968 L.47 13.168 10.89 -6.797
0.80 4.52 6.114" 3.99 -4.640 L.47 13.21 2.94 -5.364
0.70 .53 5.934 3,99 -3,994 L.47 12.98 2.94 -5.364
0.60 4,53 5.795 3.05 -3.735 L.4y7 12.78 2.94 -5.364
0.50 4,56 4.638 3.06 -3%.835 4.50. 11.57 2.94%  -5,366
- 0.40 12.14 3.991 3.06 -4.095 6.15 10.9%4 2.94 -5.504
0.30 8.13 2.584 3,08 -4.328 6.12 10.78 2.91 -5.749
0.25 8.17 2.913 3.08 -kL.451 6.15 11.01 2.91 -5.897
0.20 8.19 3.007 3.12  -4.498 6.20 11.03 2.88 -5.942
0.15 27.33 2.172 3,16 -k4.499 6.24 9.488 2.87 -5.730
0.10 1.80 1.505 5.79 -5.089 4,57 6.104 11.04 -8.668
0.05 1.83 2.746 11.76 -5.937 4.86 6.244 20.19 -9.091
f = 1/0.7 = 1.43 cps '
1.00 5.87 3.320 5.48  -3.144 5.87 11.35 2.72 -6.754
0.80 2.34 2.703 5.48 -3.167 5.88 10.48 2.72 -6.670
0.70 2.34 2.727 5.49 -2.670 5.89 10.41 2.72 -6.036
0.60 2.34 2.181 5.49 -2.768 5.9L  9.755 2.72 -5.944
0.50 2.34 1.403 5.49 -3.138 5.9% 8.869 11.12  -6.122
0.40 1.7h4 1.013 5.510 -3.761 5.96 T7.7718 11.12 -6.585
0.30 1.7k 1.013 5.58 -4.219 6.00 T7.025 2.75 -6.886
0.25 1.74 1.024 5.61 -4.584 4,25 6.541 11.10 -7.273
0.20 1.76 1.116 5.64 -4.971 L.31  6.929 11.09 -7.754
0.15 1.76 1.316 5.69 -4.052 4,38 7.199 11.04  -6.765
0.10 1.77 1.766 3.18 -3.492 L4y  T7.267 11.01 ~6.301
0.05 1.82 2.620 11.76 -4.913 4L.67 5.904 1.0 -7.750
f =1/0.5 = 2 cps
1.00 3.17 1.853 2.43 -2.242 6.05 9.675 2.45 -5.,297
0.80 2.21 1.833 5.30 -2.540 6.05 8.686 2.46  -5.309
0.70 2.21 1.865 5.31 -2.1k2 6.03 8.673 27.72 -5.080
0.60 2.22 1.942 26.70 -1.412 6.03 9.028 27.72 -kL.s42
0.50 5.04 1.811 1.9 -1.332 6.0%2 8.949 27.T4  -4.519
0.40 2.27 1.450 1.9  -1.471 4,16 8.528 27.75 -4.526
0.30 5.07 1.359 2.01 -1.580 .4y  8.549 27.75 -4.154
0.25 5.07 1.163 2.04 -1.712 L.46 8.249 11.00  -k4.497
0.20 1.68 1.233 2.07 -1.596 6.36 T.948 11.03 -4.923
0.15 1.T4 1.696 5.58 -1.372 5.99 8.208 11.05 -4.677
0.10 1.77 1.882 5.66 -2.339 4,33 7.982 10.95 -5.702
0.05 1.80 2.570 3.90 -3.517 L.5s3 6.520 10.94 -6.243
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TABLE

A,11 CONTINUED

:I Deformations Absolute Displacements
u‘o uma.x tmin umin tma.x xma.x t"min xmi.n
in. sec., in. sec. in. sec. in.
f =1/0.4 = 2.5 cps
1.00 4.95 1.323 5.17 -1.470 6.18 9.153 2.76 -5.028
0.80 2.57 1.104 5.18 ~1.607 6.20 8.559 2.76 -5.025.
0.70 2.57 0.907 5.18 -1.619 6.21 8.313 2.76  -5.049
0.60 2.19 0.708 5.18 -1.64) 6.21 B8.069 10.92 -5.220
0.50 2,19 0.708 26.09 -1.831 6.23 17.853 10.92 -5.378
0.40 2.21 0.769 5.21  -1.482 6.24 7.855 10.94  -4,996
0.30 2.24 1.219 5.27 -0.881 6.27 8.298 10.95 -4.397
0.25 2.28 1.282 1.98 -0.647 6.30 8.549 10.97 -4.154
0.20 1.65 0.962 26.66 -1.223% 4.37  T7.911 10.98  -4.842
0.15 1.7} 1.282 26.72 -1.962 4L.38 T.266 11.00 -5.581
0.10 1.76 1.572 5.64  -2.443 6.05 6.906 10.98 -5.822
0.05 1.80 2.385 3.89 -3.184 L.49 6.481 10.97 -6.25%0
= 1/0.3 = 3.33 cps
1.00 2.50 0.520 2.64 -0.752 6.19 8.465 2.64  -4.687
0.80 2.50 0.520 2.65 -0.T769 6.20 8.327 2.65 -4.711
0.70 2.50 0.515 2.65 -0.818 6.20 8.225 2.66  -4.764
0.60 2.50 0.579 10.14 -0.686 6.21 8.296 2.66 -4.550
0.50 2.52 0.700 9.53 -0.419 4.37  8.499 2.67 -4.245
0.4 9.38 0.692 1.33 -0.268 6.22 8.638 2.68 -4,126
0.30 25.78 0.936 1.34 -0.273 6.21 8.868 2.69 -4.040
0.25 2.25 1.147 1.34 -0.274 6.23 8.948 2.70 -3.803
0.22 2.27 1.061 2.00 ~0.357 6.22 8.735 10.90 -3.822
0.20 2.28 0.751 2.03 -0.659 6.16 8.31k4 10.91  -k4.245
0.15 1.70 0.919 3.57 -1.433 6.22 T.134 10.94 -5.274
0.10 1.76 1.453 5.63 -2.443 6.28 6.534 10.96 -5.970
0.05 1.80 2.373 5.78 -3.048 L.46  6.347 11.00 -6.388
f = 1/0.25 = 4 cps
1.00 0.667 2.60 -0.TW6 6.20 8.426 2.60 -4.650
0.80 0.582 2.6l ~0.761 6.19 8.2u1 2.61 -L4.672
0.70 0.588 2.61 -0.656 6.18 8.259 2.61  -L4.567
0.60 0.507 2.62 -0.615 6.18 8.21 2,62 -4.531
0.50 0.457 2.62 -0.539 6.18 8.199 2,63  -L.462
0-‘60 0.308 l‘}o?? '00567 uo)6 e.lll 2.6“ -’4.1487
0,30 0.L4ok 2.35 ~0.568 6.22 8.211 2.66 -4.505
0.25 0.564 3.54 <0.537 6.22 8.242 2.66  -4.437
0.20 0.549 1.96 -0.h22 6.22 B8.291 2.67 -4.300
0.15 0.837 2.00 -0.361 6.14 8.655 2.69 -3.924
0.10 0.716 3,56 -1.400 6.22 17.338 10.91 -5.017
0.05 1.586 5.70 -2.788 6.14 6.578 10.98 -5.870
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TABLE A-11l CONTINUED

Deformations Absolute Displacements
tmax umax tmin umin ?max xmax tmin xmin
sec. in. sec. in. sec., in. sec. in.

[eNoNoNoNeN

ELBRY &33388

[eNoNoNoNe
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eoopor
§82388

ococoo
E38%Y

8

BEYRH
&-4—4 8\0\

o NeoRoNo eNeNoNoNoN o)

P
W =3 O
£&\0 &

522388

OCOOO OV

f =1/0.20 = 5 cps

3.30 0.415 2.78 -0.423 6.24 8.482 2.59 -4.243
2.69 0.279 2.79 -0.435 6.24 8.412 2.59 -4.244
2.48 0.227 5.13 -0.448 6.24 8.311 10.90 -4.325
2.48 0.227 3,00 -0.472 6.24 8.235 10.90 -4.381
2.48 0.228 3.0L -0.479 6.24 8.215 10.90 -4.380
2.48 0.2u46 26.06 -0.423 6.25 8.166 10.90 -4.406
2.49 0.350 5.14 -0.396 k.31 8.133 10.90 -4.232
2.5L 0.476 5.14 -0.271 4.30 8.283 10.92 -4.080
2.22 0.278 5.15 -0.464 L.32 8.089 10.94 -4.214
2.2%6 0.303 2.02 -0.701 6.23 8.099 2.68 -4.296
1.70 0.541 2.92 -1.490 6.22 T.469 10.89  -4.814
f =1/0.15 = 6.67 cps
4.95 0.262 5.03 -0.213 4.33  8.356 10.89  -4.157
4.96 0.286 3.65 -0.212 6.13 8.406 10.89 -4.081
4.96 0.275 3.65 -0.214 6.13 8.407 10.89 -4.065
b.97 0.280 3.65 -0.202 6.13 8.425 10.89  -4.035
4.98 0.314 3.66 -0.181 6.24 8.480 2.70 -4.012
5.81 0.388 3.67 -0.136 6.14 8.588 2.7 -3.987
5.00 0.309 - 3.68 -0.241 6.15 8.489 10.90 -~4.003
5.01 0.315 3.68 -0.248 6.16 8.485 10.90 -3.979
2.50 0.374 3.69 -0.133 6.17 8.523 10.90 -3.902
26.37 0.23%6 3.73 -0.911 6.20 8.002 2.70 -4.287
f =1/0.125 = 8 cps
4.95 0.114 5.38 -0.106 6.20 8.302 10.86 -4.097
k.95 0.121 2.7% -0.089 6.20 8.33%0 10.86 -4.059
4.96 0.141 2.7% -0.079 6.21 8.357 10.86 -4.029
4.97 0.172 2.35 -0.07k 6.21 8.396 10.86 -3.986
13.83 0.207 2.36 -0.066 6.22 8.425 2.70 -3.958
2.49 0.169 2.78 -0.152 6.22 8.297 10.86 -4.043
5.02 0.416 3.19 -0.092 6.23 8.54k6 2.65 -3.912
26.30 0.380 - 1.99 -0.233 6.15 8.516 2.66  -L4.043
26.34 0.634 2.03 -0.535 6.16 8.4u7 2.68 -4.119
1.70 0.315 3.73  -1.350 6.20 7.610 10.90 -4.616
£ =1/0.10 = 10 cps
k.79 0.0575 2.69 -0.0495 .20 8.292 10.90 -4.085
4.79 0.0561 2.69 -0.0498 6.20 8.301 10.90 ~4.075
9.58 0'8378 2.70 -0.050k 6.20 8.304 10.90 -h.osg
20.30 0.0899 2.70 -0.04k22 6.20 8.328 10.90 -4.0
26.30 0.1h41 L.74  -0.042 6.20 8.370 10.90 -3.9%2
%o}O 0.20 ‘0-7’4 -00071 60% 8. l)‘ 70 "3-
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TABLE A.11 CONTINUED

Deformations Absolute Displacements
tma.x umax tmin um:i.n tmax xmax txnin xmin
sec. in. sec. in. sec. in. sec. in.
26.30 0.1797 2.81 -0.153 6.20 8.364 2.70 -3.961
5.02 0.1183 3.02 -0.2709 6.19 8.206 10.89 -4.089
26.29 0.3359 2.01L -0.3496 6.19 8.344 2.66 -L4.043
f =1/0.05 = 20 cps
9.55 0.01009 2.56 -0.00836 6.19 8.278 10.89 -4.069
9.56  0.0093%5 2.56 -0.00923 6.19 8.278 10.88  -4.069
9.56 0.0115 2.34  -0.0073 6.19 8.280 10.88 -4.066
14.27

0.1366 1.94 -0.0328 6.19 8.396 10.88 -3.9%9
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TABLE A.l2a
MAXIMUM DEFORMATIONS OF SIMGLE DEGHREE-OF-FREEDOM BILINEAR SYSTEMS

2 Percent Critical Damping; Eureka Earthquake
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TABLE A.12b
MAXTMM DEFORMATIONS OF SINGLE-DEGREE-OF-FREEDOM BILINEAR SYSTEMS

2 Percent Critical Demping; El Centro Earthquake

/ : -:ly/uo = 007-5 5 f\lo = 00% u Z“o = 00?5 5 !uo L 0.10
32 kl v Y tln.x “mx tmx umx tnx uux

IMALX RAX
£ = 0.10 cps
1.0 28.23 17.09 28.23 17.09 28.23 17.09 28.23 17.09
0.9 28.23 16.45 13.78 -15.k0 13.78 -14.79 24.80 -15.33
0.8 28.25 16.03 13.78 =15.25 14,26 -14.06 2k.93 -1k.59
0.7 28.23 15.78 13.78 =15.06 14.26 -13.49 14.26 -13.51
0.6 13.78 =15.69 13.78 -14.8k 1h.26 -12.84 14.26 -12.04
0.5 13.78 -15.74 14.26 -14.79 14,26 -12.45 10.56 10.19
0.k 13.78 -15.78 14,26 -14.55 14,26 -11.29 10.80 10.32
00) 1}-78 -15-&5 lh026 "lhcjs 2“.9} -ll.% 10080 10027
002 13078 -15.87 2“.& -15.00 2“.89 -12-10 ' 10080 90&
o.l 15.78 -15-% 2,‘.85 -1"090 2)‘09} -11.9" 100% 8.98
0 13.78 -15.96 24,85 -14.73 24.93 -12.01 10.86 7.69
£ =1/3 cps
1.0 13.62 18.04 13.62 18.04 13.62 18.04 13.62 18.04
009 9050 -16069 500“ 15058 5.0“ 15065 50% 16005
008 6072 -15093 50“ 15050 5.10 ls.us 5.15 16.00
0.7 .98 15.77 5.06 15.35 5.15 15.05 5.22 15.54
0.6 4,98 15.80 5.06 15.16 5.16  1b.47 5.28 1h.43
0.5 5.06 15.85 5.06 14.91 5.22 13.T73 5.3 12.55
0.'& 500“‘ 15090 5.10 l‘b.sl 5-22 12.70 50% -11.12
005 sod‘ 15.% 5.10 l"’o& 5022 ll.ha “‘001 -ll.ll
002 5.@“ 16.01 5.10 13075 3078 -100“ how -10016
001 5.0“ 160“ 5-10 1).22 5.8"’ -10.7& hooe - 8029
0 5.0 16.12 5.10 12.62 3.90 =10.77 2.55 8.22
f =1 cps
1.0 h.95 -5.97 k.95 -5.97 h.95 -5.97 k.95 -5.97
0.9 4.50 5.95 4,52 5.59 h.53 5.30 4.56 5.32
0.8 4.50 5.9% k.53 5.22 h.57T b.s7 k.59 4.37
0.7 k.52 5.92 k.53 k.92 4,59 3.92 .62  3.45
0.6 4.52 5.92 4.53 h.69 k.59 3.50 6.11 3.07
0.5 k.52  S.91 k.53 k.59 4,59  3.30 6.18  3.09
O.h 5.52 5091 hosj l"060 50“ ’3039 6.2“’ 2.”
0.3 h052 5090 ‘.‘055 l“o“ 3.% "5070 3.08 -5.15
0.2 k.52  5.90 k.55 k.72 3.06 k.17 3,09 -3.77
0.1 k.52  5.89 4.5 4.3 3.08 -4.30 3.15 =k.10
o k.52  5.89 k.56  4.64 3.09 <h.hS5 5.79 =5.09
f =5 cps
100 2078 -O.‘&2} 2.78 '00“2’ 2078 "0.“23 2078 '0.“23
009 2078 -0.52} 2.79 -00399 2079 "0.395 2080 -0.'&15
008 2.78 -0.“25 2079 -00378 2080 -00362 2081 '0‘576
0.7 2.78 -0.427 2.79 =0.360 2.60 -0.355 2.60 -0.393
0.6 2.78 -0.428 2.59 =0.357 2.61 -0.359 2.61 -0.512
0.5 2.78 -0.429 2.59 =-0.358 2.61 -0.368 2.65 -0.648
0.'& 2.78 -0-“}0 2.79 -00565 2062 -00375 2.“ ‘0067}
O.} 2.79 -001‘55 2:79 '0039" 2.6} ’003&' 205"’ 0.6’41
°.2 2079 -0.“35 2.& "0.“0 2.& -00)28 2.“2 -00%7
001 2079 -0.‘458 2.80 -O.“SS 2.50 0.35“‘ 2026 10@
0 2079 -0.“&1 5.01 '00"‘79 2.51 0.“76 2.&2 "10“”
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APPENDIX B
EXPRESSIONS FOR RESPONSE OF A SINGLE-DEGREE-OF -FREEDOM SYSTEM

The solution of Eq. 2.4 presented in the body of this report may
be expressed by means of Duhamel's integral as

u(t) = o Brt [u(o) cos Pyt + 1 (ﬂl:_)l +B u(o)) sin pdt]
1-8

t
. i I #(v) o PP(t=%) o4 [py(t-1)] ar (B.1)
P V1-p

vhere t is time, T 1is a varisble of integration, and Py’ the circular natural

frequency of the damped system, is related to the corresponding undamped

Py = P ‘/1-55 (B.2)

The acceleration function F(1) is considered to be sectionally comtimuous in

frequency by the equation

the interval between O and t.
The expression for the relative velocity, 4, is obtained by
differentiating Eq. B.1l with respect to time

u(t) = o OPt [\‘1(0) cos Pyt - 2 (pu(o) +8 \'1(0)) sin pdt]

1-p

t
- [ 90 ¥ [contpy(ter)) - —L= stalpyfteifas (2.3)
0 1-8

The absolute acceleration of the mass, X, is obtained by a further differentia-
tion or, more conveniently, directly from Eq. (2.2) by substituting for u and ¥

the expressions given by Eqs. B.l and B.3. The resulting expression is

| DY



#(t) = e PP [2’(0) cos Pyt - - ((1.232) pa(0) - B pau(o)) sin pdt]

1-8
t
2
+ pf ¥(1) e'ﬂP(t-f) [}.:-29_ sin[pd(t-'r)] + 28 co.[pd(t-r)]]dt (B.4)
0 1’1'5§

The remaining response quantities, {, X and x, can now be determined

from the equations

=X-¥, U x-y,andus=sx-y,
respectively, Note that before X and x can be ev:luated, the quantities ¥ and
y must be determined by integrating the prescribed acceleration function.

If the ground motion is specified as a velocity-time function, the
relative displacement, u, the absolute and relative velocities, x and U, and
the absolute acceleration, %, can be expressed directly in terms of the
prescribed function as follows. The expression for w is obtained by inte-
grating the last term in Eq. B.l by parts and camdining terms,

u(t) = o PPt [u(o) cos p,t + 1 (ﬂpﬂ). +p u(o) sin pdt]
1-8

t
- f ¥(<) o BR(t-7) [co-[pa(t-t)l e —f—sin lp‘(t-t)l]dt (B.5)
(¢] 1-f
Differentiation of this equation with respect to t gives,

i(t) = o PP [i(o) cos Pyt ~ —2— <pn(o) +8 i(o)) sin pdt]
| -

t
+p f ¥ (x) «PP(E=T) [}ia sin[p,(t-1)] + 28 co-[ra(t-r)l-]dr (3.6)
0 et '
With X known, the relative velocity can be determined from X = 4 + ¥. Pimally,
R can be determined from Eq. 2.2.
If the ground motion is specified as a displacement function, the
absolute displacement of the mass can be expressed in terms of the prescribed

function by integrating Eq. B.5 by parts. The result is
B2



x(t) = PPt {x( 0) cos p,t + L (5"3)- + B{x(0) - 2y(o)1) sin pdt]

a
1-8
2
+p [ y(1) ePR(t-T) [}_-_-QL sinlp,(t-7)] + 28 coslpd(t-t)l]d-r (3.7)
e

Differentiation of this equation gives the sbsolute velocity,

x(t) = 28p y(t)

+ PPt [[i(o) - 2ppy(0)) cos Dyt - —L_ (p(x(0) - 26%y(0)] + B i(O)) sin rdt]
-8

L3 2
‘P f r(r) e'B’(t") [(l%a)co-[l’d(t-'f)l _B0-ke) -1nlvpd(t-t)l]dt (».8)
0 ’ Jl.p!
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